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STEADY-STATE DISTRIBUTION OF CONVERSION AND 
THE DEGREE OF MIXING FOR SECOND-ORDER REACTIONS IN 
A CONTINUOUS STIRRED-TANK REACTOR 
by 
Leon L. Otte and Gary K. Patterson 
at 
UNIVERSITY OF MISSOURI - ROLLA 
Rolla, Missouri 65401 
1 
ABSTRACT 
A hydrodynamic mixing (HDM) model, used to calculate 
the steady-state spatial distribution of conversion for a 
second-order reaction in a continuous stirred-tank reactor 
2 
(CSTR) for non-premixed reactants was developed and con-
trasted with other methods. The HDM model is based on a 
segmental description of the reactor and includes turbulent 
mixing effects in each segment. As a test of the model, 
the experimental results obtained from a tubular reactor 
were found to be very well represented for a range of reac-
tant ratios. Spatial distributions of concentration and 
segregation intensity (degree of mixing) within the CSTR 
were determined for a variety of reactor operating condi-
tions for an isothermal reactor and, in addition, the 
spatial distribution of temperature was calculated for a 
non-isothermal reactor. That extension of the model was 
simple and straight-forward, since distributions of con-
version were already available from the main model. 
3 
SCOPE 
The distribution of conversion and segregation inten-
sity (degree of mixing) in a CSTR is important for a process 
where localized temperature or concentration gradients may 
exist due to insufficient mixing. These gradients could be 
associated with hot-spots in the rre ctor which may cause 
adverse side reactions or serve as centers of reactor tern-
perature instability. Some knowledge of the intensity of 
such hot-spots or regions of high reactant concentration is 
helpful in determining allowable ranges of operation for 
acceptable product. This is particularly important for 
second-order reactions because of their dependence on the 
degree of mixing when reaction rates are high and reactant 
feeds are non-premixed. 
Second-order reaction rates are dependent on both the 
kinetics of the reaction mechanism and the degree to which 
the reactants are mixed. Recently, an attempt was made to 
mathematically model, using hydrodynamic mixing (HDM) con-
cepts (Patterson (1970)), this process for the case of non-
premixed reactants. Measurements or obtainable estimates of 
turbulence parameters were required when this model was used 
to calculate conversions in tubular reactors and CSTRs. 
The results obtained from the original tubular reactor 
model were very different than those obtained experimentally 
and it was suggested that the mixing effects on the reaction 
4 
rate were inadequately modeled. More work was needed to 
obtain better mathematical representation of the effects of 
mixing on second-order reaction rates, using the tubular 
reactor data as a test, and after this development work, the 
application of the model to CSTRs needed to be repeated. As 
yet, this model had not been extended to the case of a non-
isothermal second-order reaction. 
5 
CONCLUSIONS AND SIGNIFICANCE 
This work develops a successful HDM model which in-
cludes the effects of turbulent mixing when used in the 
calculation of second-order reaction conversion in stirred-
tank reactors. Improvements over the previously conceived 
HDM model are illustrated in Figures 1 and 2 by comparisons 
of calculated conversions and conversions obtained experi-
mentally in a tubular reactor. Calculation of distributions 
of reaction conversion and segregation intensity in a CSTR 
(Figures 5 through 13) were made and presented for a variety 
of impeller speeds, reactant feed rates, and reaction rate 
constants. Comparisons were made of conversions calculated 
using the HDM model with those of other models and, in 
general, higher conversions in the effluent were obtained 
for similar conditions. Distributions of conversion, segre-
gation intensity, and temperature (Figures 14 and 15) were 
calculated for a non-isothermal second-order reaction. 
The distribution of conversion in the reactor is shown 
to be strongly dependent on the flow patterns which greatly 
affect both the degree of mixing and reaction conversion. 
It was found that residence time effects often mask the 
effect of mixing on second-order reaction rate for very 
rapid reactions in stirred tanks. This work demonstrates 
that meaningful conversion distributions in stirred-tanks 
can be calculated for second-order reactions from a know-
ledge of the turbulence parameters of the flow field and the 
kinetics involved. Localized energy dissipation rates and 
scales of mixing are required to use the model. These may 
be measured directly or estimated using available correla-
tions in the literature. This model reduces the experimen-
6 
tation needed for design, process evaluation, and scale-up 
of CSTRs and is particularly well suited for mixing con-




In spite of the many advances in the design and appli-
cation of stirred tanks, in both research and industry, this 
process is still not understood. The mechanism by which a 
turbulent flow-field diffuses matter has not yielded to a 
rigorous mathematical description. Meaningful and useful 
theories concerning fluid mixing, however, have been devel-
oped recently. Some of these theories have dealt exclusive-
ly with the blending of unmixed feeds and more recently 
have included the added complexity of mixing with reaction. 
The purpose of this work is to develop further the practical 
aspects of these theories for stirred tanks by relating de-
sign objectives to the degree of mixing as defined in terms 
of the turbulence parameters of the system. 
Recent theoretical work on turbulent mixing includes 
that of Rosensweig (1964) and (1966) who suggested that the 
root-mean-square concentration fluctuation, integrated over 
a steady-state mixing volume, may be treated as a conserved 
quantity. He used this concept in conjunction with his own 
expression for segregation decay rate to calculate the se-
gregation intensity in the output of a uniformly mixed, 
stirred, baffled tank. Patterson (1970) used Rosensweig's 
conservation statement and an expression for the segregation 
decay rate developed by Corrsin (1964) in order to build a 
mathematical model of the mixing process in a stirred tank. 
Ris model incorporated fundamental mixing parameters, such 
8 
as turbulent energy dissipation rates, integral scales of 
turbulence, flow patterns, and internal velocities taken 
from the experimental work of cutter (1966) . Brodkey and 
Lee (1964), Brodkey (1967), and Gegner and Brodkey (1966) 
demonstrated experimentally that Corrsin's decay rate ex-
pression gives an estimate for the segregation decay rate 
when a dye is injected into a turbulent, pipe flow stream. 
Both the work of Rosensweig and Corrsin and, consequently, 
that of Patterson, dealt with a stirred-tank mixer using the 
approximation of isotropic turbulence. 
Measurements of turbulence parameters in stirred tanks 
are varied, including the use of different sized equipment,. 
measuring techniques, and measuring devices. The relevant 
work includes that of Kim and Manning (1964) who measured 
radial components of the turbulence energy and intensity 
spectra within a stirred, baffled tank with a pressure 
transducer probe. Later, Bowers (1965) measured tangential 
and vertical velocities along with turbulence intensity by 
means of vane and hot-wire anemometers. His results indi-
cated that the ratio of turbulence intensity to the blade 
tip speed was not independent of scale for geometrically 
similar systems, even though the ratio of tangential or ver-
tical velocity to blade tip speed was. Rao (1969) made 
similar measurements in the direction of the mean velocity 
using a hot-film probe. The mean velocity direction was 
determined by a three-dimensional pitot tube. cutter (1966) 
9 
made photographic measurements of mean and fluctuating com-
ponents of the velocity of water in a fully baffled, stirred 
tank. He used simplifications of the Navier-Stokes equation 
and the energy equation to calculate angular momentum and 
flow of energy throughout the stirred-tank, but concentrated 
mainly on the impeller stream. His data are used in the 
present work (see Section I-G). 
Some measurements of steady-state segregation intensity 
and other statistical concentration parameters are also 
available and include the work of Manning and Wilhelm (1963), 
Reith (1964), Christiansen (1969), and Becker, et al, (1966). 
Manning and Wilhelm used a conductivity probe as did Reith, 
while Christiansen and Becker used light scattering tech-
niques. Lee and Brodkey (1964) developed a light trans-
mission probe and it has been used by Rao (1969) to measure 
transient concentration fluctuations in the impeller stream 
of his stirred tank. Steady-state measurements could not be 
made because the mixed fluid reduced light transmission to 
low levels. 
Most of the literature discussed so far has dealt with 
turbulence and its relationship to mixing. The central 
subject in this work, however, is combined mixing and second 
-order reaction in a continuous stirred-tank reactor (CSTR) 
without reactant premixing. Studies of the effect of the 
degree of mixing on reaction rate can be divided into two 
general categories, (1) the direct approach whereby the 
10 
reaction conversion is defined in terms of both the kinetic 
parameters (concentration, temperature, and pressure) and 
the mixing parameters (concentration fluctuations, scale of 
turbulence and energy dissipation rates) and (2) the in-
direct approach whereby a model, often unrelated to physical 
events, is constructed to estimate how far the reaction con-
version will deviate from an ideal situation such as a per-
fect mixer with a microfluid present. 
By far the bulk of the literature concerning chemical 
reactors utilizes the indirect approach because of the dif-
ficulty in obtaining turbulence data, and even more, because 
of the complexity of the mass and energy balance relation-
ships for these systems. Indirect approaches include resi-
dence time distribution techniques combined with the concepts 
of micromixing and macromixing, dispersion and diffusion 
models, coalescence models and the two-environmental models. 
Most of that work either ignores the effect of feed condi-
tions or assumes premixed reactants in the reactor feed. 
Danckwerts (1953) initiated the use of distribution 
functions of residence time to calculate efficiencies of 
reactors and blenders. Later Danckwerts (1958) presented 
the concepts of the degree of mixing and segregation for 
both the case of non-premixed reactants and the case of 
premixed reactants, when the reaction is second-order and of 
the form, A1 + nA2 -+Products. "Premixed-reactants" means 
that species A1 and A2 are mixed thoroughly on the molecular 
11 
level before entering the reactor. If in addition to having 
premixed reactants, the fluid within the reactor is in the 
state of maximum mixedness (micro-mixed) as defined by 
zwietering (1959), the entering feed is immediately mixed on 
a molecular scale with the entire age spectrum of molecules 
in the tank. Also if, in addition to having premixed reac-
tants, the fluid within the reactor is macro-mixed as in the 
calculations by Methot and Roy (1971), the entering feed is 
broken up into blobs or streaks which remain intact through-
out their stay in the reactor. 
The micro-mixed case and the macro-mixed case are the 
extremes of mixing when the feed is premixed. Any real 
situation must lie between these extremes. Felder and Hill 
(1969) and Chauhan, Bell and Adler (1972) proved for the 
case of premixed feed that complete segregation (macro-mixed 
fluid) maximizes conversion for reactions whose order is 
greater than one and no segregation (micro-mixed fluid) 
maximizes conversion for reactions whose order is less than 
one. Takamatsu, Sawada, and Izumoyski (1971), Weinstein and 
Adler (1967), Keairns (1969), Treleaven and Tobgy (1971), 
(1972), and (1973), and Kattan and Adler (1967) are among 
those whose works deal with the application of the extremes 
of mixing for the premixed feed case to determine the effects 
of mixing on reaction. 
When reactants A1 and A2 are not premixed before being 
fed to the CSTR, the concept of segregation has an entirely 
12 
different meaning than for the premixed feed case. Complete 
segregation implies that blobs or streaks of unreacted A1 
and A2 make-up the contents of the reactor and no reaction 
can take place. On the other hand, no segregation implies 
that the diffusion process has reached equilibrium and the 
CSTR contents are thoroughly mixed on a molecular scale and 
reaction can proceed at a maximum rate. The non-premixed 
case with intermediate levels of segregation is the one 
being modeled here. 
For the case of non-premixed reactants A1 and A2 , Mao 
and Toor (1970) obtained reasonably good predictions of con-
versions measured by Vassilatos and Toor (1965) using a pure 
diffusion model for the effect of mixing on reaction. Rao 
and Dunn (1970) combined a dispersion model with a Monte 
Carlo coalescence model to also predict the conversion data 
of Vassilatos and Toor (1965) . Rao and Edwards (1971) used 
the same model to calculate conversions for second-order, 
very rapid reactions in terms of concentration fluctuations 
and the reactant ratio, B . The coalescence models of 
Spielman and Levenspiel (1965) and Kattan and Adler (1967) 
were applied to second-order reactions using both feed con-
ditions. Zietlin and Tavlarides (1972) also calculated con-
version time profiles using a coalescence model with a Monte 
Carlo technique for a second-order reaction taking place in 
the dispersed phase of a liquid-liquid agitated vessel, but 
this model assumes a premixed feed. 
13 
Finally, the two-environment models presented by Ng and 
Rippin (1965) to describe micromixing in continuous flow 
systems is still another indirect approach to the prediction 
of reactor conversion. Other works utilizing this type of 
model are by Nishimura and Matsubara (1970) and Rippin 
(1967). This model defined an entering environment and a 
leaving environment whereby the rate of material transfer 
from either environment was proportional to the amount of 
materials remaining in that environment. Rao and Edwards 
(1973), applied the Ng and Rippin model to the case of non-
premixed reactant feed for the reactions studied here (see 
Table I) . 
In contrast to the indirect modeling attempts described 
above, the direct approach used in this work relates the 
reaction rate directly to the turbulence parameters of the 
system which are in turn related to the type of reactor, 
flow patterns, agitation, etc. These relationships are 
mathematically modeled and the resulting equations are 
solved to obtain reactor performance. All of the working 
parameters are at least in some manner related to physical 
properties of the system. 
The literature that contributes to the direct approach 
includes that by Vassilatos and Toor (1965) who experimen-
tally studied in a tubular reactor rapid and very rapid 
second-order reactions with no premixing of feed components. 
This work substantiated the theory developed by Toor (1962) 
14 
concerning the effect of accomplished mixing on mean conver-
sion. The experimental data was used by Patterson (1970) 
for comparison with his model for reactions occurring in a 
CSTR. Toor (1969) then developed an expression for a 
second-order reaction rate in terms of time-averaged concen-
trations and segregation intensity in one of the two 
reactants and demonstrated its validity for very slow and 
very fast reactions where reactant feeds are not premixed. 
The improved hydrodynamic mixing (HDM) model developed 
below utilizes the segregation intensity balance concept of 
Rosensweig (1964) and (1966) combined with Corrsin's (1964) 
expression for the segregation intensity decay rate as was 
done by Patterson (1970) . This model requires the knowledge 
of energy dissipation rates and integral scales of turbu-
lence that have been measured or estimated by techriiques 
described above. The validity of the model is then estab-
lished by comparisons with the experimental data of 
Vassilatos and Toor (1965). The new HDM model is then 
applied to a CSTR for a second-order reaction and contrasted 
with other models mentioned above. 
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Mathematical Development 
A material balance equation for an element of volume is 
required that incorporates a second-order reaction rate term 
that is dependent on the degree of mixing. The approach 
used here is to first develop the second-order reaction rate 
equation in terms of the turbulent concentration fluctuation 
and then to use this rate expression in the material bal-
ance. A balance equation is also developed for the root-
mean squared concentration fluctuation which includes its 
rate of decay. 
The reaction considered is as follows: 
Product ( 1) 
and n denotes the stoichiometric ratio of reactants. The 
rate of disappearance of species A1 is arbitrarily chosen as 
Equation (2), where c 1 and c 2 are the instantaneous concen-
trations of species A1 and A2 , respectively. 
(2) 
If Ci = ci + ci, where ci is the fluctuation of concentra-
tion about the time average, ci, the following equation is 
obtained for the rate of reaction of component 1. 
( 3) 
When Equation (3) is time averaged using the Reynold 1 s 
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averaging procedures described by Brodkey (1967), this re-
sult is obtained; 
(4) 
As mentioned by Brodkey, the above average values become 
exact averages as the concentration fluctuations become 
numerous in the time interval over which the average was 
taken and are distributed at random. In this work it was 
assumed that c 1 c 2 =-c1 2, so that the time averaged rate is 
described below. 
(5) 
Equation (5) is rigorously true when components 1 and 2 are 
completely segregated. 
A steady-state material balance on an element of 
volume, Vj, using averaged concentrations is written as 
follows, where Q is the flow rate, s refers to input streams 
and m refers to output streams. 
(6) 
Rosenweig (1964) suggested that a similar conservation 
--2 
statement can be written for c 1 , where r 1 . is the rate of 
decay of c 1 2 in the j-th volume. 
= l: Q c 2 




The development of an expression for the rate of decay of 
concentration fluctuations proceeds as follows. The con-
tinuity equation for species A1 with a second-order reaction 
is described by Equation (8), assuming constant density and 
constant diffusivity n1 of A1 in the mixture. Uk is the 
velocity in the xk- direction. 
( 8) 
Equation (4) is combined with Equation (8) and results in 
Equation (9). 
a cl 
--- + at (9) 
Since the element of volume is considered to have uniform 
time-averaged properties (implies 
Equation (9) can be rewritten as follows. 
(10) 
When Equation (10) is multiplied by c 1 , simplified, and time 





uk and were assumed to be uncorrelated. 
a xk 
Combining 
Equation (11) with the continuity equation for c 1 2 , 
d c 2 1 
at ( 12) 
yields, after assuming that v2c 1
2 
= 0 for a uniform field in 
a volume element: 
( 13) 
Now, if it is further assumed that Equations (14) are true, 
2 (c1 2) 3/2 cl c2 = 
(14) 
Equation (13) becomes, after combination, as follows: 
Equation (14) is in essence, a closure approximation which 
allows a solution at this level of correlation. This equa-
tion will be discussed in detail later (see Section I-F) . 
The rate of concentration fluctuation decay can be calcu-
lated by the use of Equation (15), providing the turbulent 
diffusion term can be determined. Corrsin (1964) derived an 
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--2 
· for 2D1 (
8
c 1 ) express1on 
axk 
in isotropic mixing at high Schmidt 
number. Substitution yields the following equation: 
(16) 
Use of this expression for r 1 in Equation (7) completes the 
segregation intensity balance on a steady-state volume. 
No mention has been made, so far, of heat transfer or 
generation in the CSTR, so Equations (6) and (7) apply only 
to isothermal processes. If it is required to account for 
thermal effects in the CSTR, the flow of energy into and out 
of an element of volume must be balanced with the energy 
generated. This energy balance can be written as follows: 
(17) 
The reaction rate constant in the material balance calcula-
tions made here was allowed to depend on Tj as follows: 
= K0 e 
- ~ [T1J· - T1o] (18) 
where T0 = 490°R and K0 equals the rate constant at T0 • 
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The mathematical model of the second-order reaction in 
an element of volume for the non-isothermal case consists of 
Equations ( 6 ) , ( 7 ) , and ( 1 7 ) . The simultaneous solution of 
these equations will yield the steady-state concentration, 
segregation intensity, and reactor temperature for a given 
set of flow conditions, reaction kinetics, and reactor 
geometry. 
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HDM Model Improvements 
It is important to recognize that the solution of the 
model equations is restricted by the assumption of an iso-
tropic, turbulent, concentration fluctuation field in the 
element of volume being considered. While pure isotropic 
turbulence has not been produced or found in nature, it does 
permit the solution of the correlation equation and there-
fore allows the mixing process to be simulated. As shown 
later this assumption does not seem to lead to serious 
errors. 
2 The assumption that c 1 c 2 = -c1 was used by Patterson 
(1970) for the full range of reaction rates. Toor (1969) 
points out that this assumption is true for very slow reac-
tions and also for very fast reactions in which the reac-
tants are fed in stoichiometric proportions, but not pre-
mixed. Mao and Toor (1970) tested this hypothesis for very 
rapid reactions and stoichiometric reactions with reasonable 
success. This assumption is used in this work on stirred 
tanks for the case of rapid second-order reactions where 
the reactants may or may not be fed in stoichiometric pro-
portions. In all cases dealt with here, feeds are con-
sidered not premixed. 
-~2-3/2 (cl ) is one of several 
intuitive expressions that were investigated during this 
work. The method used in these investigations was to apply 
Equations (6) and (7) to the pipe-flow mixer reactor 
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described earlier by Patterson and used by Vassilatos and 
Toor (1965) and then to compare the calculational results 
with their experimental data. (See Appendix I for full dis-
cussion of these efforts.) 
The pipe-flow reactor was divided into 30 equal volume 
elements or cells, numbering them consecutively from the 
feed end. Radial non-uniformities were considered negli-
gible so each cell was a cylinder. Equations (6) and (7) 
were written for each cell and the resulting 60 equations 
were solved simultaneously. Conversion and intensity dis-
tributions along the length of the reactor were obtained and 
are illustrated and compared with the distribution obtained 
experimentally by Vassilatos and Toor (1965) in Figures 1 
and 2. The cell volume was adjusted so that calculated 
results over the full range of conversion was attainable for 
each reaction rate tried. Conversion distributions were 
calculated for large rate constants, K2 = 1000 and 10,000 
ft 3/lbm·sec, which are comparable to the rate constants of 
the reactions studied by Vassilatos and Toor. 
The experimental data, the results of the model using 
the assumption c 1
2 c 2 = 0 and the results of the model using 
2 2 3/2 
the assumption that c 1 c 2 = (c1 ) are also compared in 
Figure 1. For a reactant ratio of 1:2, Figure 1 shows that 
2 3/2 (c1 ) , yields a conversion distribution 
more nearly like the experimental data. Figure 2 shows that 
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similar results were obtained for other reactant ratios. 
The conversion distributions obtained using a very high 
reaction rate, K2 = 10,000 ft 3/lbm·sec, showed no appre-
ciable difference from the data shown in Figures 1 and 2. 
The matching of the calculated results and the experimental 
data provides confidence in the use of the assumption c 1 2c 2 
---3/2 
= (c1 2 ) for the simulation of the stirred-tank reactor. 
No attempt was made here to examine this assumption for low 
reaction rates, but it is assumed valid for a wide sprectrurn 
of rate constants. 
Other attempts to approximate c 1 2 c 2 are not known to 
the author except for that of Patterson (1973), in which 
other approximations to the double and triple correlation 
terms were evaluated (i.e. Equation (19)). 
(19) 
-- 3/2 1/2 3/2 
= 2 ( c l 2 ) y ( 1- y) /B ( 1 + y) 
Y is the degree of interdiffusion of the reactants and B is 
equal to the ratio, C1/C2. Calculations (see Patterson 
(1973)) using these approximations showed some improvement 
over the simpler approximations used here to model the ex-
perimental data of Vassilatos and Toor. The results of 
using Equations (19) when plotted on an accomplished mixing 
basis were not greatly different than those presented in 
Figures 1 and 2, but Patterson's results reproduce the 
experimental data from the pipe-flow reactor better on an 
absolute reactor length basis. The procedure used to 




Application of HDM Model to a CSTR 
The distributions of segregation intensity and average 
concentration are calculated by applying Equations (6) and 
(7) to the stirred tank illustrated in Figure 3. A spatial 
distribution is obtained when the tank is divided into 30 
perfectly mixed cells as shown in Figure 4 and Equations (6) 
and (7) are applied to each segment. Each cell is a dough-
nut shaped space concentric with the impeller shaft. This 
set of 60 simultaneous, nonlinear equations may be solved to 
obtain the intensity and average concentration as a function 
of position in the stirred tank. The calculational procedure 
used to solve these equations is a generalization of the 
Newton-Raphson method combined with a Gauss-Jordan reduction 
routine. 
Before the calculations can be performed, however, the 
segregation scales, the energy dissipation distribution, the 
flow pattern, and the physical properties of the system must 
be precisely known. Data of this type, directly applicable 
to the model is available only to a limited extent. 
Patterson (1970) used the experimental results of Cutter 
(1966) to complete the model for his calculations. These 
results are also used in this simulation and were applied in 
a similar manner. For example, the scalar integral scale, 
L5 , was taken to be 1.2 inches in all the reactor cells 
except the T-shaped figures formed about the impeller stream 
by Cells 13, 14, 15, 16, 17, 18, 12, and 24 which were taken 
to be 0.10, 0.12, 0.16, 0.22, 0.24, 0.24, 0.24, and 0.24 
inches, respectively. 
The energy dissipation rate in the CSTR is a function 
of impeller blade tip velocity, VB, and is given by the ex-
The constant K is assigned different 
values for different locations in the reactor and is taken 
to be 0.0017 (ft-lbf/sec)/(ft3/sec3) in all the CSTR cells 
except those in line with the impeller, Cells 13, 14, 15, 
16, 17, and 18. These are taken to be 0.010, 0.030, 0.031, 
0.019, 0.007, and 0.002 (ft-lbf/sec)/(ft 3/sec 3 ), respec-
tively. 
Figure 4 illustrates the flow pattern established by a 
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flat-bladed turbine for the closed, baffled tank. There are 
43 cell-to-cell flow rates excluding the feed and effluent 
streams. Cutter's maximum velocity measurements were used 
to calculate the flow rates in the impeller streams. These 
flow rates were considered directly proportional to the 1m-
peller blade tip velocity. The following relationships were 
arbitrarily chosen based on intuitive ideas: 
Q(ll,S) = .5Q(l2,6) 
Q ( 2 3, 29) = . SQ ( 24 I 30) 
Q(2,8) = .333Q(3,2) 
Q(26,25) = .667Q(27,26) 
(20) 
Q(3,9) = Q(4,10) = Q(27,21) = Q(28,22) = Q(23,24) = 
Q(ll,l2) = 0 
These material balances, Equations (20), arbitrarily fix the 
27 
flow-patterns ln the reactor, so that they are similar to 
those in Cutter's experimental vessel, but they also 
restrict the allowable conditions at which the reactor can 
operate. For example, when the feed rate is too high, the 
flow-pattern s relationships fail and a solution cannot be 
obtained from the model. The remaining cell-to-cell flow 
rates depicted by arrows in Figure 4 were then calculated 
from material balances on each cell. 
constant. 
The density is assumed 
The integral scales and energy dissipation rates used 
in this work were originally based on measurements made by 
Cutter. More detailed information on utilizing this data 
can be found elsewhere, Patterson (1970). It is important 
to point out first that in using Cutter's measurements it 
was assumed that the segregation scales can be approximated 
by the velocity fluctuation scales and second, that both the 
scalar integral scale, Ls, and the energy dissipation rate 
per unit volume, E/Vj, are not considered to be functions of 
the flow rate. The system used is a fictitious, but reason-
able one with a density and viscosity equal to that of 
water. The diffusivity of species A1 in the mixture was 
taken to be 1.4 x lo-9 ft 2/sec yielding a Schmidt number of 
7692. The model describes the feed as entering the reactor 
in such a way that the feed scale, Ls, is equal to the scale 
in the feed cell, arbitrarily chosen as Cell 6, and the feed 
segregation intensity is equal to one. 
When thermal energy effects are included, the overall 
heat transfer coefficient at the cooled wall is set at 100 
Btu/hr·°F·ft 2 and the activation energy is held at 30,000 
cal/g-mole. Reactants are fed at 30°F and the tank wall 
temperature is held constant at 20°F. The tank top and 
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bottom are insulated. Equation 
in addition to Equations (6) and 
(1 7) 
( 7) • 
is applied to each cell 
The cell-to-cell flow 




The continuous stirred-tank reactor HDM model described 
by Equations (6) and (7) was used to obtain concentration 
and segregation intensity distributions for various condi-
tions which consisted of these values given at each of the 
30 cells within the CSTR. The calculated results are either 
displayed in their entirety as in Figure 5 or to a limited 
extent as in Figure 6. Normalized concentration in the 
effluent (c27/cFEED) results are presented at times, in the 
place of concentration. Segregation intensity distributions 
are presented using the normalized form, 
I · = [c 1 2 I ( C C ) ] J lFEED 2FEED · 
J 
(21) 
Ij is then unity for the completely segregated (unmixed) 
fluids and approaches zero for a "perfectly-mixed" fluid. 
Figure 5 is a typical distribution of segregation 
intensity (the topmost number in each cell) and average con-
centration (the bottommost number in each cell) . The cell 
number designations are located in the upper left hand 
corner. The segregation intensity is highest in the feed 
cell (Cell 6) where reactants are fed unmixed and is reduced 
substantially by agitation to a low value in the effluent 
cell (Cell 27). The mixing is also enhanced by the effect 
of the extent of reaction on the intensity decay rate. The 
time-averaged concentration of species A1 is simultaneously 
reduced by chemical reaction coupled with mixing from a high 
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value in the feed cell to a low value in the effluent cell. 
The conversion is the highest in Cell 23 as is the degree 
of mixing. 
The effect of parameteric changes in impeller speed on 
the steady-state conversion and segregation intensity in the 
effluent is illustrated in Figures 6, 9, and 12 for reaction 
rate constants of 100, 10, and 0.0001 ft3/lbm·sec, respec-
tively. Effluent conversion and intensity are plotted 
against impeller speed for three different reactant feed 
rates in each illustration. The average concentration and 
segregation intensity in the effluent cell is lowered, as 
expected, for all impeller speeds and reaction rate con-
stants when feed flow rate is lowered. In addition, the 
segregation intensity of the product is lowered for all feed 
flow rates and reaction rate constants when impeller speed 
is increased. Mixing is thus improved by increased agitation 
and decreased by increasing feed flow rates. As the feed 
rate is lowered, there is a disproportionately smaller de-
crease of segregation intensity with increasing impeller 
speed. It is also clear from these figures that conversion 
decreases with decreasing second-order reaction rate constant. 
The conversion of species A1 in the effluent, as noted 
in Figures 6 and 9, decreases with increasing impeller speed, 
for high reaction rate constants (Figures 6 and 9) and 
slightly increases for a low rate constant (Figure 12) . 
This decrease in conversion is not expected, particularly 
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for fast reactions where the degree of mixing controls. The 
intuitive impression would be that normalized concentration 
in the effluent cell would be reduced, since increased im-
peller speed reduces segregation intensity (improves mixing) 
and thereby increases the reaction rate. 
Some insight into this apparent contradiction can be 
achieved by examining Figures 10 and 13 carefully. While 
concentration does decrease with increasing impeller speed 
in the effluent cell (Figure 10), the difference between the 
highest and lowest cell concentration amongst all the cells 
decreases. The higher impeller speed does cause a higher 
degree of mixing which in turn has a tendency to increase 
effluent conversion for the same residence time, but an 
increased impeller speed also causes more cell concentration 
uniformity in the tank. This tendency toward uniformity 
causes the concentration in the effluent cell to increase, 
while decreasing the concentration in the feed cell. The 
increased impeller speed thus brings the unreacted feed to 
the effluent cell faster. The mixing effect on reaction 
rate competes with this tendency toward uniformity and is 
masked (see cell 27, Figure 10) when the effluent concen-
tration is small compared to that of the feed. 
For a lower reaction rate constant and a lower feed 
rate (Figure 13), the concentration distribution is more 
uniform at the higher impeller speeds, but the concentration 
in the product decreases slightly when the impeller speed is 
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raised (the opposite of the case in Figure 10). The 
tendency toward uniformity is less important at low second-
order rate constants and higher residence times because a 
high degree of concentration uniformity already exists, even 
at low impeller speeds. 
The segregation intensity distributions for three im-
peller speeds are shown in Figures 8 and 11 for a reaction 
rate constant of 100.0 and 10.0 ft 3/lbm·sec. The segrega-
tion intensity decreases, or mixing is improved, everywhere 
in the reactor by increasing impeller speed. The degree of 
mixing is generally greater for the higher reaction rate 
constant, but 600 rpm here is essentially sufficient to 
reduce the intensity in the product to the same level for 
both reaction rates. The segregation intensity, like con-
version, tends toward uniformity in the tank as impeller 
speed is increased. However, in every case the intensity 
in every cell decreased with increasing impeller speed. 
Figure 9 compares the conversion calculated with the 
improved HDM model, with earlier calculations by Patterson 
(1970) . Note that the effect of increased impeller speed is 
reversed when a value is used for c 1
2 c 2 . Also, conversion 
calculated using the approximation, c 1
2 c 2 = (c 1 2) 31 2 , is 
considerably higher (about a factor of 100) than that ob-
tained when the triple correlation term is suppressed. When 
c12c 2 is included in the computations, the resulting value 
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for the rate of decay of segregation intensity is increased. 
The increased degree of mixing causes an increased reaction 
rate and thus higher conversion. This comparison illus-
trates the importance of the closure terms on c 1 c 2 and 
The conversion obtained when the feed components are 
always perfectly mixed and the tank is completely uniform 
(macro-mixed model) lies below those obtained by the HDM 
model discussed here (see Table I) . The HDM model thus 
predicts that more complete conversions are feasible than 
those obtained in a completely macro-mixed reactor with 
premixed feed. This result is at least partly due again to 
the non-uniformity of the concentration in the reactor. The 
average conversion over the entire tank, calculated from the 
model, is less than that obtained in a perfect backmix 
reactor, but the conversion in the product is greater. 
Table I also compared the HDM model results with other non-
premixed feed models which are completely uniform. 
Figures 14 and 15 illustrate some typical results ob-
tained from the simulation when temperature effects are 
included in the model. Because of the coupling between the 
three balance equations it is difficult to explain the 
changes in one variable with impeller speed in terms of 
another. However, it is clear from the calculations that 
significant temperature gradients are present in the reactor 
model and that cell temperatureschange with change in 
impeller speed. For a high reaction rate constant, K0 
1.0 ft 3/lbm·sec, temperature decreases everywhere with in-
creasing impeller speed except in the product cell where a 
slight increase is seen. For a lower reaction rate con-
stant, K0 = 0.10 ft 3/lbm·sec, temperature decreased with 
impeller speed everywhere except in the feed and product 
cells. In Figure 15, the conversion in the product cell 





The solution of the material and segregation intensity 
balance equations (Equations (6) and (7)) that make up the 
successful HDM model yields a spatial distribution of 
average concentration and its corresponding steady-state 
distribution of segregation intensity. Each solution pro-
vides the steady-state effluent conversion for a given set 
of reactor conditions. Many other approaches have been 
used to calculate product conversion for a CSTR with second-
order reaction occurring with mixing effects. Typical of 
these is a method illustrated by Methot and Roy (1971) for 
the case of premixed reactant feed, whereby the product 
concentration is calculated for the ficticious, extreme 
cases of a microfluid reactor mass and a macrofluid reactor 
mass using residence time distribution techniques. The 
actual product concentration must lie in between these two. 
Various theories have been proposed which attempt to predict 
where, between these two extremes, the real product concen-
tration will lie. These include the two environment model, 
the coalescence and dispersion models, the so-called mixed 
models and other single parameter techniques. These models 
may be modified so that they apply to the case of segre-
gated feeds as demonstrated by Rao and Edwards (1973). 
The use of the HDM model avoids the calculation of the 
mixing extremes and instead, calculates the actual conver-
·sion directly by including mixing effects in the second-
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order rate equation in terms of the turbulence parameters 
of the system. These turbulence parameters are obtained 
from actual measurements on the reactor being modeled, or 
may be scaled from measurements taken on smaller vessels as 
demonstrated in Section III-B. 
The performance of the CSTR is related directly to 
measureable or calculable quantities within the reactor and 
provides a major departure from the approach of other 
models. The disadvantages of the HDM model are associated 
with acquiring the turbulence data needed and also, the 
solution of the equations requires extensive computation. 
The main advantages are that it allows independent study of 
the effect of impeller speed changes, changes in un-premixed 
reactant feed rates, changes in inlet and outlet CSTR con-
figurations, and changes in tank size for geometrically 
similar vessels (scale-up) . A straight-forward approach to 
the development of an unsteady-state HDM model is demon-
strated in Section II. 
The successful HDM model applied to a pipe-flow reactor 
for a second-order reaction is a substantial improvement 
over the model presented by Patterson (1970) as illustrated 
in Figure 1. As a result, calculations using these two 
models yield very different effluent conversions, as ex-
pected (see Figure 9). Conversions are much greater when 
obtained from the HDM model and show a reverse correlation 
to impeller speed due to uniformity effects mentioned 
earlier. 
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Experimental data that is applicable to the CSTR con-
ditions used to obtain the results in Figure 9 are not 
available at this time, but calculations of conversion pre-
sented here can be compared to those obtained from other 
models as in Table I. Table I compares the HDM results with 
those from the equation developed by Rao and Edwards (1973), 
an extension of Ng and Rippin's (1965) two environment model 
for the case of second-order reaction with non-premixed 
reactant feeds. A calculated result from Spielman and 
Levelspiel's coalescence model, which also assumes that the 
reactants are non-premixe~ is also presented in Table I. 
Finally, the macro-mixed model of Methot and Roy (1971) for 
the case of premixed reactant feed is presented to illus-
trate effluent conversion differences when calculated using 
premixed feed models and non-premixed feed models. 
There are three different normalized concentrations 
presented in Table I for the HDM model: c 27/cFEED (the 
effluent concentration), CMedian/CFEED' and CAvg/CFEED· 
c2 7/cFEED is the normalized, steady-state effluent cell 
concentration in Cell 27. CMedian/CFEED is the normalized, 
steady-state cell concentration in the CSTR, for which there 
are as many cell concentrations that are greater than the 
median as there are less than the median. CAvglcFEED is 
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the arithmetic average of all thirty cell concentrations. 
The median and average concentrations are presented because 
these will compare with the other methods which assume that 
the contents of the reactor are uniform within the CSTR. 
The normalized concentrations for the HDM model (Cell 
Average) are almost identical to those calculated using the 
Ng and Rippin Model for a wide range of Damkohler numbers, 
Da. 
Da = ( K ·c ·v )/Q 2 !FEED T FEED ( 2 2) 
The mixing parameter (RT) used in the Ng and Rippin Model 
was arbitrarily chosen to approach infinity for this com-
pari son. For Ng and Rippin's two environment model, RT 
implies that the rate at which the fluid leaves the entering 
environment and enters the leaving environment is infinite 
or that mixing is the best possible for a given Damkohler 
number. There is no quantitative way that RT can be related 
to the actual flow field in a CSTR. The same is true for 
Spielman and Levenspiel's Monte carlo coalescence model. 
Their mixing parameter was arbitrarily chosen equal to 250 
since it was the largest available on their performance 
charts. Only the normalized concentration for Da = 1271 
could be determined from these charts, but this result did 
not vary much as the Damkohler number was increased. The 
results from the Spielman model were a s ·trong function of 
the mixing parameter even at high conversions while the Ng 
and Rippin model were not. 
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Methot and Roy (1971) presented the equations to pre-
dict conversion for the extremes of mixing for the reaction 
used here, but for the case where the reactants are com-
pletely mixed before entering the reactor. The extremes of 
mixing in the CSTR have been defined by Danckwerts (1958) to 
be the case where the CSTR contents are completely segre-
gated (macro-mixed model) and where the CSTR contents are 
completely mixed (micro-mixed model) . When the reactants 
are premixed, the macro-mixed model yields the highest 
possible conversion for a second-order reaction. Table I 
illustrates the typical result that models with non-premixed 
feed achieve greater conversion than for the macro-mixed 
case with premixed feed. 
The conversions calculated using the HDM model are 
lower than those of Spielman and Levenspiel and Ng and 
Rippin, though they also assume a non-premixed feed. This 
difference is probably due to the fact that the HDM model 
does not require that the degree of mixing and conversion 
be uniform throughout the CSTR as do the other models pre-
sented in Table I. The effect of this non-uniformity is 
illustrated by comparing the conversions in the effluent, 
the median cell, and 1n the average cell (Table I). The 
normalized concentration in the effluent is smaller than 
either the median cell or the average cell conversion. 
Until now, the HDM model has been applied to an iso-
thermal second-order reaction in a CSTR and a pipe-flow 
reactor. This model is not restricted to isothermal reac-
tions as is demonstrated by the solutions shown in 
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Figures 14 and 15, where temperature effects are included. 
One of the advantages of using this type of model is that 
it can readily be adapted to a host of reactor design and 
operation problems that involve the physical nature of the 
CSTR. These types of problems can be solved by mixed-model 
and residence time distribution techniques, but only by 
taking a wide departure from the real physical dynamics of 
the reactor. The HDM model will also permit the study of 
process parameters that include many external effects on 
the reaction. The most important advantage, however, is 
the ease with which a quantitative mixing effect on reaction 
rate can be used to directly relate measurable turbulence 














Reactant species i 
Area of cell j in contact with wall 
Average of 30 reactor cell concentrations 
Instantaneous concentration of Species 1 in 
the feed stream 
Instantaneous concentration of species i in 
the feed stream 
Instantaneous concentration of Species 1 in 
cell j 
Median cell concentration for 30 reactor 
cells 
Specific heat 
Concentration fluctuation of species i 
Impeller diameter 
Diffusivity of species i 
Damkohler number 
Activation energy 
Constant, 32.17 lbm·ft/lbf·sec 2 
Heat of reaction 
Intensity in cell j 
Constant 
Second-order reaction rate constant 











Impeller rotation rate 
Schmidt number 
Stoichiometric ratio of reactants 
Reactant flow rate 
Flow rate from cell i to cell j 
Flow rate of output stream 
Flow rate of input stream 
Gas low constant 
Mixing parameter used in the Ng and Rippin 
two environment model 
Rate of reaction based on species i 
Rate of decay of ci2 in cell j 
Temperature in cell j 
Reference temperature 
Temperature of wall 
Time 
Velocity in k direction 
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Overall heat transfer coefficient of the wall 
Impeller blade tip velocity 
Volume of cell j 
Volume of CSTR 
Position in k-direction 














Degree of interdiffusion of reactants 
Denotes a time averaged quantity 
Reactant species number 
Cell number or volume number 
Coordinate direction 
Cell output streams 
Cell input streams 
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Comparison of the results of two models with 
the experimental data of Vassilatos and Toor 
for K2 = 1000. ft3/lbm·sec, Vj = 0.00001 to 
0.01 ft 3 , Ls = 0.02 ft, QFEED = 0.4 ft 3/sec, 
Nsc = 7692.3, and K = 0.005 (ft-lbf/sec)/ 
(ft3/sec3). 
Comparison of results of the model used with 
the experimental data of Vassilatos and Toor 
for several reactant ratios when K2 = 1000. 
ft3/lbm·sec, Vj = 0.00001 to 0.01 ft3, Ls = 
0.02 ft, QFEED = 0.4 ft 3/sec, Nsc = 7692.3, 
and K = 0.005 (ft-lbf/sec)/(ft3/sec3). 
Schematic of the continuous, stirred-tank 
reactor being simulated. 
Schematic of the half-section of the tank 
used in the development of the model, where 
large numbers are cell designations and the 
arrow numbers give typical flow rates in 







Typical distribution of average concentration 
and its corresponding intensity for N = 200 
3 lbm·sec, and CFEED = 31.2 lbm/ft . 
Conversion in the effluent (Cell 27) versus 
impeller speed for reactant feed ratio of 1:1 
Average concentration distribution (lbm/ft 3 ) 
versus impeller speed for reactant feed ratio 
Intensity distribution versus impeller speed 
for reactant feed ratio of 1:1, K2 = 100.0 
ft 3 /lbm ·sec, and QFEED = 0. 1 ft 3; sec. 
Comparison of conversion in the effluent 
(Cell 27) versus impeller speed for two 







Average concentration distribution (lbm/ft3) 
versus impeller speed for reactant feed ratio 
3 
of 1:1, K2 = 10.0 ft /lbm·sec, and QFEED = 
3 0.1 ft /sec. 
Intensity distribution versus impeller speed 
for reactant feed ratio of 1:1, K2 = 10.0 
3 3 ft /lbm·sec, and QFEED = 0.1 ft /sec. 
Conversion in the effluent versus impeller 
speed for K2 = 0.0001 ft 3/lbm·sec and reac-
tant feed ratio of 1:1. 
Average concentration distribution (lbm/ft 3 ) 
versus impeller speed for reactant feed ratio 
0.05 ft 3/sec. 
Temperature (°F), Concentration (lbm/ft3), 
and intensity profiles versus impeller speed 
= 1 0 ft3/lb . 
. m 
sec, ~HR = -500 Btu/lbm, Uwall = 100 Btu/hr· 
Figure 15. 
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°F·ft2, and 6E = 30,000 cal/g-mole. 
Temperature (°F), Concentration (lbm/ft3), 
and intensity profiles versus impeller speed 
for QFEED = 0.1 ft 3/sec, K0 = 0.10 ft 3/lbm· 
sec, 6HR = -500 Btu/lbm, Uwall = 100 Btu/hr· 
°F·ft2, and ~E = 30,000 cal/g-mole. 
REACTOR CONDITIONS 
QFEED K2 Da 
0.05 100 50,860 
0.10 100 25,430 
0.20 100 12,715 
0.05 10 5,086 
0.10 10 2,543 
0.20 10 1,271 
TABLE I 
Comparison of Reactor Models 
(N = 400 RPM and c1 /c2 = 1) FEED FEED 
NORMALIZED CONCENTRATION 
HDM HDM HDM 
Model Model Model 
Cell 27 Cell Median Cell Avg. 
0.000 0.001 0.004 
0.000 0.001 0.005 
0.000 0.001 0.006 
0.002 0.007 0.014 
0.002 0.009 0.017 
0.003 0.012 0.023 
Ng and Rippin 
Model 


























*This model assumes premixed feeds while all other models assume non-premixed feeds. 
K2 is given in ft3/lbm·sec. 
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UNSTEADY-STATE DISTRIBUTION OF CONVERSION AND THE 
DEGREE OF MIXING FOR SECOND-ORDER REACTIONS 
IN A CONTINUOUS STIRRED-TANK REACTOR 
by 
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at 
UNIVERSITY OF MISSOURI - ROLLA 
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ABSTRAcr 
The time-varying response of an incompletely mixed 
continuous stirred-tank reactor (CSTR) with second-order 
reaction is described by an extension of the hydrodynamic 
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mixing (HDM) model. It generates the spatial time responses 
of concentration and segregation intensity which result from 
variations in impeller speed or reactant feed rates of non-
premixed feeds. These responses were determined at various 
levels of feed rate, reaction rate constant, and impeller 
speed. 
The validity of the HDM model for mixing alone was es-
tablished by comparison with experimental data. The time-
varying HDM model is based on a segmented description of the 
mixer-reactor and includes turbulent mixing effects within 
each segment. The advantages over simplified models are 
demonstrated by comparison of HDM model responses with 
responses obtained from a segmented model with segregation 




The HDM model (Section I) makes possible the calcula-
tion of the steady-state effluent conversion of a CSTR with 
a rapid or mixing controlled second-order reaction when the 
reactant feeds are non-premixed. The HDM model is extended 
to include the unsteady-state response to step changes in 
impeller speed and reactant feed rates. The extended model 
is useful in reactor design and in studies of reactor sta-
bility and automatic control. 
The effect of mixing (as measured by segregation inten-
sity) on reaction rate is calculated directly from turbu-
lence data. Previous simulations (Nauman (1969), Chen 
(1971), and McCord (1972)) for the unsteady-state modeling 
of reactions other than first-order, involve a combination 
of the residence time distribution approach and the concepts 
of macromixing and micromixing for the case of premixed 
reactants. The unsteady-state HDM model is particularly 
applicable to mixing-controlled reactions with non-premixed 
feeds~ "premixed•• implying mixing instantaneous relative to 
reaction rate (an impossibility for rapid reactions). Pub-
lished research to date is confined to studies of premixed 
feed examples. 
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CONCLUSIONS AND SIGNIFICANCE 
The unsteady-state HDM model was developed and applied 
to a CSTR with second-order reaction, resulting in a mathe-
matical model which is capable of predicting distributions 
of concentration and degree of mixing (segregation intensity) 
as a function of time following an upset. The model is 
particularly adaptable to reactions that are mixing-
controlled and easily handles the case of non-premixed reac-
tant feeds. The model requires the knowledge of flow 
patterns and the measurable turbulence parameters, energy 
dissipation rate and scale of segregation. Where such mea-
surements have not been made, these turbulence parameters 
may also be estimated from the macroscopic characteristics 
of the reactor. 
The validity of the stirred-tank mixer HDM model was 
demonstrated by calculation of time responses of effluent 
concentration and comparing them with those obtained experi-
mentally in another work. These time responses resulted 
from upsets in feed concentration. 
Time responses of normalized concentration and segrega-
tion intensity in the effluent were obtained from the CSTR 
HDM model for step upsets in impeller speed and reactant 
feed rate. These results are influenced by residence time 
effects, turbulent mixing effects, and kinetic effects, all 
of which occur simultaneously, following an upset. One of 
these effects usually dominatesthe characteristics of the 
response curve. This controlling effect is the key to 
understanding rapid and very rapid reactions in CSTRs. 
The residence time effect, discussed in Section I-H 
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for the steady-state HDM model results, is similarly defined 
for the unsteady-state model. It was found that if an upset 
increases or decreases the internal flow rates, the concen-
tration and segregation intensity response distributions 
become more or less narrow, respectively. This effect often 
masks the expected time response behavior (that associated 
with perfectly uniform reactors) of effluent properties. 
The second-order reaction rate as developed here depends 
on a concentration fluctuation term which represents the 
turbulent mixing contribution. The effect on the effluent 
conversion response which results from including this term 
is called the turbulent mixing effect. This effect causes 
the effluent response curve to lie in a span of higher con-
centrations. The shape of the response to an upset in feed 
rate is also altered by the turbulent mixing effect which 
was found to be more important at higher impeller speeds. 
For impeller speed upsets, the turbulence effects on response 
shape are more important at low reactant feed rates. 
Results are also presented which demonstrate the effect 
on effluent conversion responses when the second-order 
reaction rate constant is changed, herein called the kinetic 
73 
effect. Model comparisons confirm that responses obtained 
using high rate constants are affected more severely by the 
degree of mixing than those obtained using low rate con-
stants. Expected characteristics of the kinetic effect on 
effluent concentration response curves have been simulated 
such as: (1) higher reaction rate constants yield faster 
time responses, (2) higher reaction rate constants yield 
responses whose spans lie in a higher conversion range. 
The unsteady-state CSTR HDM model has the demonstrated 
capability for studying a number of processes and process 
upsets without modification. With only small changes, its 
versatility could be expanded to mixer-reactor performance 
studies of other upsets in reactant feed rate or impeller 
speed such as pulsed or sinusoidal. Thus, unsteady-state 
CSTR operation can be easily evaluated. A major use for 
models of this sort is to help reduce expensive and time 
consuming experimentation, once applicability has been de-
monstrated for one or two cases. 
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Introduction 
Knowledge of the degree of mixing and its effect on 
reaction rate in a CSTR at steady-state conditions (Section 
I) may not be enough to describe the mixing-reaction process 
for the purposes of design and scale-up. For problems in 
which time responses are important, it is desirable to know 
the degree of mixing and conversion in the form of time 
varying spatial distributions. 
The approach taken to solve the unsteady-state problems 
in which both rapid reactions of order greater than one and 
insufficient mixing are present have been confined to resi-
dence time distribution techniques combined with the con-
cepts of micromixing and macromixing and to flow model 
techniques such as the two-environment models. These vari-
ous approaches to modeling CSTRs for the steady-state case 
are reviewed in Section I-D along with more specific work on 
second-order reactions in the presence of turbulent mixing. 
The CSTR HDM model developed herein is for the specific 
case in which a very rapid second-order reaction (Al + nA2 
Product) is occurring where the reactions, A1 and A2 are 
fed non-premixed to the reactor. All of the unsteady-state 
models presented in the literature are for the case in which 
the CSTR feed (A1 and A2 ) are premixed. Nauman's (1969) 
extension of the steady-state residence time distribution 
approach to the unsteady-state case is a typical example. 
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Chen (1971) confirmed Nauman's development and extended it 
to reactors other than continuous stirred-tank reactors, but 
he assumed premixed feeds. As is pointed out in Levelspiel 
(1962), the mixing time for the reactants must be considered 
in the analysis when the time for the reactants to become 
well mixed approaches or exceeds the time for a given reac-
tion to occur. For many applications, the stirred-tank 
mixer brings low viscosity reactants together very quickly, 
but the assumption of unmixed feeds becomes important when 
reaction rates are very rapid. 
Patterson (1970) developed a steady-state HDM model for 
a second-order reaction occurring in a continuous stirred-
tank reactor. This model included both the condition of 
unmixed feed entering the reactor and a spatial variation 
in the degree of mixing (segregation intensity). The degree 
of mixing and its relation to the reaction rate were 
developed from the measurable turbulence parameters of the 
system. Otte, et al. (1971) presented an improved model, 
based on the available experimental data in the literature. 
Calculations using these models included the steady-state 
spatial distributions of conversion and segregation inten-
sity. The unsteady-state improved HDM model is presented 
and developed here from the steady-state form of the mass 




In Section I-E, steady-state mass and segregation 
intensity balances were presented. In the following devel-
opment, these balance equations (HDM Model) are reconstructed 
for the unsteady-state mixing-reaction process. As before, 
a second-order chemical equation is presented with its rate 
expression stated in terms of time - averaged concentration 
and concentration fluctuations. The rate of decay of segre-
gation intensity is also presented as it was used before in 
the steady-state segregation intensity balance. 
The general reaction being considered is expressed by 
the following equation: 
A1 + nA 2 - Product (1) 
n represents the stoichiometric ratio of reactants. The 
rate of disappearance of species A1 used in this work is 
arbitrarily given by a rate function: 
(2) 
Time-averaged concentrations are used and it is assumed that 
c1c2 = -c1
2 (see Section I-F). 
A complete mixer-reactor model includes an unsteady-
state material balance which follows the concentration of 
species A1 and an unsteady-state segregation intensity 
balance which describe the degree of mixing. Both time-
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averaged concentration and intensity are incorporated into 
the reaction rate expression, Equation (2). The material 
balance on A1 over the volume, Vj, is given by Equation (3). 
v· J 
dc1 . 
----""-] = dt (3) 
A1 transferred by convection into Cell j is indicated by the 
subscript s and out of Cell j by subscript m. 
The intensity of segregation as defined by Brodkey 
(1967) is used to follow the degree of mixing and is 
described by the equation, 
I= c 1 2(t)/(Cl •C2 ) FEED FEED ( 4) 
Rosensweig (1966) suggested that the quantity of c12 
is conserved over an element of volume, so that the fol-
lowing unsteady-state segregation intensity balance can be 
written, 
The symbol, r 1 ., is the rate of decay of c 1 2 in the j-th J 
( 5) 
volume. The expression used for this rate in terms of c 1 2 
is derived from the continuity equation for species Al in 
Section I-E. Corrsin•s (1964) expression for the turbulent 
diffusion term derived for the case of isotropic mixing 
at high Schmidt number is used. After substitution 
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of this expression, the rate of decay of c 1 2 is given by 
Equation (6). 
( f-11 p E ) l/ 21 nN s c ] 
--3/2 (6) 
cl2 ) 
The transients of the time-averaged concentration and 
of the square of the concentration fluctuation are described 
for a volume element, Vj, by Equations (3) and (5). These 
two equations provide a time dependent mathematical model 
for concurrent mixing and second-order reaction in Vj. A 
study of this model requires the solution of these two 
coupled, non-linear, first-order differential equations in 
c 1 2 . and c 1 ., which are functions of the independent vari-J J 
ables time and space. Spatial variations will be obtained 
when the equations are applied to the mixer-reactor, as it 
was done in Section I-G for the steady-state model. 
79 
Equations Applied to Mixer-Reactor 
The unsteady-state spatial distributions of segrega-
tion intensity and time averaged concentration are obtained 
for the stirred-tank reactor by solving the balance equa-
tions, Equations (3) and (5), written for the reactor shown 
in Figure 1, Section I-N. The reactor is divided into 30 
perfectly mixed cells and these equations are written for 
each. Individual cell balances are interrelated through 
the convection terms which include the time averages of 
the square of the concentration fluctuation, c 1 2 ., and the J 
concentration c1 .. The flow rates, Qs and Qm, in Equa-
J 
tions (3) and (5) are obtained as was done by Patterson 
(1970) and as outlined in Section I-G. 
The CSTR unsteady-state HDM model differs from most of 
those shown in the literature in that it incorporates a 
distribution of values for the segregation scales, Ls., 
J 
and 
the rates of energy dissipation, E j. These values must be 
determined for each of the 30 cells in the CSTR in addition 
to the physical properties of the reaction mass. Values 
for Ls and the relationship between energy dissipation rate 
and impeller speed were obtained as in Section I-G. 
The physical properties of the reaction mass used in 
this work are presented in detail in the work of Patterson 
(1970) . The diffusivity of species A1 in the mixture is 
1.4 x lo- 9 ft 2/sec and the density and viscosity are as-
sumed constant with respect to changes in concentration at 
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that of water. The Schmidt number is consequently constant 
at 7692. 
The solution to the unsteady-state mixing problem with 
second-order reaction requires that the balance equations 
for mass and intensity written for each of the reactor cells 
be solved simultaneously for a specific set of boundary 
conditions. These boundary conditions specify indirectly 
the between-cell bulk flow rates which are assumed to change 
instantaneously when upset. This HDM model described by 
Equations (3) and (5) is called the mixer-reactor with 
mixing (MRM) model. 
The segregation intensity balance equations may be 
omitted from the MRM model to obtain a simplified model 
which is independent of the mixing effects. This model re-
quires only that the reactor be divided into 30 perfectly 
mixed cells interrelated by the flow rates linking the in-
dividual cells. The solution of this model is obtained by 
solving Equation (3) when the second-order reaction rate 
is independent of concentration fluctuation as follows: 
The between-cell flow rates are specified as in the MRM 
model. This modified model will be referred to as the 
mixer-reactor (MR) model. 
(7) 
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Treating the CSTR as a single cell reduces Equation (2) 
to Eauation (8), the classic perfect mixer model herein 
referred to as the PM model. 
(8) 
This model requires that the reaction mass be in the state 
of Zweitering's (1959) "maximum mixedness" which implies 
premixed feeds. 
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Solution of the Equations 
IBM's Continuous System Modeling Program (1967) was 
used to solve the equations of all three models. Initially 
a computer program was set up to solve the unsteady-state 
mass balances with no reaction; Equation (3) with K2 = 0. 
These restricted HDM model equations were solved so that 
results could be compared to the experimental data of 
Hubbard and Patel (1969) . A check on the validity of the 
simulation results could now be made before the complica-
tions of mixing and reaction were included. Next, the 
kinetic terms were incorporated in both the segregation 
intensity balance and the mass balance equations to complete 
the model. 
Sudden changes (step upsets) in impeller speed and 
inlet flow rate were then studied on all models. The 
steady-state boundary conditions used in the soltition of 
the problems were determined by approximating steady-state 
conditions and then operating the time dependent program 
until these intensity and concentration distributions were 
asymptotically invariant with time in the fourth decimal 
place on a cell-by-cell basis. As a check on the accuracy 
and validity of these boundary conditions, calculations 
were made using the steady-state model discussed by Otte, 
et al. (1971) and in Section I for the same conditions as 
the unsteady-state program. In every case investigated, 
the steady-state and asymptotic unsteady-state results were 
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identical to at least three places. The result of one such 
comparison is shown in Table I. Computer run times for the 
unsteady-state program varied from five minutes to sixty 
minutes depending on the size of the perturbation and the 
degree of convergence required. 
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Stirred-Tank Model (Reaction Rate Tems Suppressed) 
Hubbard and Patel (1969) measured time responses of 
concentration at the outlet of a stirred tank similar to 
that shown in Figure 1 of Section I-N, for upsets in inlet 
concentration. The tank was filled with a sodium chloride 
solution of known molarity and at the time beginning the 
upset, pure water was fed to the top of the stirred tank 
and salt solution was removed from the bottom at the same 
rate. Small dimensional differences existed between their 
tank and impeller and the one modeled in this work, but 
for the most part, geometrical similarity existed. Other 
dissimilarities that may have affected the dynamic simi-
larity of the two vessels were assumed negligible in this 
comparison. 
Dilution curves for a particular mixing system with a 
specific system geometry and a constant Dilution number 
(ND) are presented in Hubbard and Patel where the normalized 
concentration in the effluent, c 27;cFEED' is plotted as a 
function of the Reynold's number with the product of time 
and impeller speed as a parameter. The Dilution number and 
the Reynold's number are defined below. 
= Di 2 (QFEED/VT)P 
l-1 (9) 
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Hubbard and Patel (1969) have shown by dimensional analysis 
how experimental data can be plotted for geometrically 
similar systems as normalized effluent concentration versus 
tN with Reynold's number as a parameter if the Dilution 
number is held constant. A set of dilution curves obtained 
experimentally for ND = 9.2 by Hubbard and Patel is shown 
in Figure 1. It was possible to obtain the same Dilution 
number, ND, using the stirred-tank segmented model by ad-
justing the feed flow rate, QFEED· The calculated results 
obtained from the simulation of Hubbard and Patel's tank 
using the stirred-tank model for the same Dilution number 
are also presented in Figure 1. Since agreement between 
calculated results and corresponding experimental data is 
very close, one can assume that chosen flow patterns are 
realistic in the range of Reynold's number used. This agree-
ment with experimental data demonstrates that the model 
satisfactorily simulates the time response of a stirred-tank 
mixer without reaction. 
The comparison of the Danckwerts' (1953) F-curve (PM 
model) response with the equivalent response using the 
stirred-tank model (MR model with K2 = O) is shown in 
Figure 2. The MR model displays a second-order dynamic 
response as opposed to the PM model which displays a typical 
first-order response. This difference is expected since 
the segmented model sho·u.ld behave more as a set of tanks in 
aeries with feed-back than as a single tank. 
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The next step in the development and solution of the 
MRM model involves the incorporation of second-order reac-
tion and mixing kinetics depicted in Equations (2) and (6), 
respectively. These kinetics are functions of time-averaged 
concentration, segregation intensity, turbulence parameters, 
L 5 and E , and time. 
Time Responses of Normalized Concentration and Segregation 
Intensity 
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Both the time-averaged normalized concentration (Cj(t)/ 
Cj (0)) and the segregation intensity vary with time 
(response curves) and space in the CSTR when upsets are made 
in reactant feed rate and impeller speed. Response curves 
have been calculated for various values of the second-order 
rate constant, K2 , and feed rate, QFEED' for the case of a 
step decrease in impeller speed from 600 rpm to 200 rpm. 
Similarly, response curves have been calculated for various 
values of reaction rate, constants, K2 , and impeller speed, 
N, for the case of a 50 percent step decrease in feed rate. 
The concentration response most commonly presented in 
the literature is that of the output cell, Cell 27, and is 
the most important from a practical point of view. The 
model developed here calculates a response for each of the 
thirty reactor cells, but the experimental time responses 
of cells other than the effluent cell are relatively un-
known, so the bulk of the presentation here includes only 
reactor effluent responses to upsets. Two partial response 
distributions are presented later in Section II-J. 
Table II summarizes the calculations presented and 
categorizes them according to the type of upset used. In 
each figure, normalized concentration responses are shown 
for the PM, MR, and MRM models of the CSTR. Segregation 
intensity responses are also presented for the MRM model. 
Before the upset, the CSTR model was always considered to 
be operating in a steady-state condition. These steady-
state conditions are denoted by c27 (0) and r 27 (0) and are 
subscripted by the model symbols PM, MR, or MRM. 
1. Step Upsets in Impeller Speed 
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Step upsets (66.6% decrease) in impeller speed result 
in a time decreasing function of effluent concentration for 
the range of rate constants and reactant feed rates studied 
(Figures 3, 4, and 5). The difference between the MR and 
MRM response curves (i.e. the effect of including the mixing 
term in the second-order rate) increaseswhen the rate con-
stant is increased or the feed rate is decreased. 
The PM model as defined by Equation (8) is insensitive 
to change in impeller speed unless a pseudo-rate constant is 
defined. As a result the PM model response is a constant 
with respect to time equal to one. 
The shape of the concentration response curves of the 
MRM model is closely approximated by the responses of the 
MR model, but the magnitudes of the two responses are very 
different. The incorporating of mixing effects retards the 
reaction and this retardation is increased for higher rate 
constants. 
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2. Step Upsets in Reactant Feed Rate 
Normalized concentration in the effluent, c27/cFEED' 
decreases to a new steady-state following a 50 per cent step 
decrease in feed rate. The time required to achieve the new 
steady-state is shortened by raising either impeller speed 
or reaction rate constant. Like the responses for an im-
peller speed upset, the MR responses achieve lower final 
concentration values than the MRM responses, indicating the 
effect of insufficient mixing. 
The segregation intensity responses increase with time 
following the upset for a higher rate constant, but decrease 
with time for the lower rate constant. This reversal 
(explained in Section II-K) is the result of the tendency 
toward non-uniformity when the feed rate is changed 
suddenly. 
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Time Responses of Concentration in various Cells of the CSTR 
Normalized effluent concentration responses permit a 
qualitative comparison of response shape for the three 
models studied. Figures 11 and 12 present examples of 
(unnormalized) effluent concentration response curves which 
result from a 50 per cent decrease in reactant feed rate. 
Again the CSTR is at steady-state before the upset occurs. 
Responses (dotted curves) are also shown for cells other 
than the effluent cell in the MRM model which depict a 
spatial distribution along an imaginary flow-path. Re-
sponses calculated using the PM and MR models are presented 
only for the effluent cell, cell 27. 
Significant concentration gradients are present in the 
CSTR for the operating conditions studied. These gradients 
are smaller on a percentage basis at higher impeller speeds. 
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Discussion 
An important aspect of using the HDM model to study 
the time varying behavior of stirred-tank reactors with 
second-order reaction is the complexity of the coupling 
relationships of the effects of residence time, kinetics, 
and turbulent mixing on effluent conversion. Figure 14 
describes how these effects (defined below) are used to 
facilitate the discussion of effluent response to step up-
sets in feed rate and impeller speed and parameteric changes 
in the reaction rate constant. For example, a sudden change 
in feed rate (following the solid line arrows) will change 
the CSTR residence time and the degree of turbulent mixing. 
These changes will ultimately affect the effluent segrega-
tion intensity which in turn will affect the effluent con-
version. The dashed line arrows describe how the effects of 
a sudden decrease in impeller speed affect effluent conver-
sion and the dotted line arrows describe how a change in the 
second-order rate constant affects effluent convers~n. 
Since these three effects often compete (have an opposite 
influence on conversion) with each other and occur simul-
taneously, it is important to recognize which is con-
trolling, if the model is to be used effectively. 
1. Residence-Time Effects on Effluent Conversion 
Residence time is defined as volume of the CSTR divided 
by the feed flow rate. When the reactor is divided into 
cells, each of these cells also has a defined residence 
92 
time. This residence time may be thought of as a lag time 
involved when the reaction mass passes from cell to cell 
through the CSTR. This lag contributes to the non-
uniformity of concentration from cell to cell in the CSTR. 
Any change in the internal flow rates results in a change 
in the degree of uniformity. The changing of the cell-to-
cell concentration uniformity exerts an effect independent 
of the kinetics on the concentration and segregation inten-
sity in the effluent cell. This effect is referred to here 
as the residence-time effect. 
When the concentration in the effluent cell, Cell 27, 
decreases after a step decrease in impeller speed, the 
residence time effect is controlling reactor performance. 
Because, for very fast reactions, lowered impeller speeds 
should yield higher segregation intensity (reduced mixing) 
and thereby, should lower reactor conversion. Illustrations 
of the residence time effect for impeller speed upsets 
include the normalized concentration responses from the MRM 
model in Figures 3 and 4 and the segregation intensity 
response from the MRM model in Figure 5. In each case, the 
response behaves opposite to that intuitively expected. 
The residence-time effect also occurs for upsets in 
reactant feed rate as indicated by the results presented in 
Figures 6 through 8. For example, the segregation intensity 
response, I 27 (t), of the MRM model effluent cell increases 
with time for a step decrease in feed rate at t = 0. 
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Segregation intensity should decrease with time when the 
feed rate is lowered because more time is made available 
for the reactor mass to become thoroughly mixed. In 
Figures 9 and 10, for a lower reaction rate constant, the 
response, I 27 (t), behaves as expected for a step decrease 
in feed rate. The normalized concentrati6n response for 
the effluent cell always behaved as expected for this upset 
and for the range of parameters studied. 
The above mentioned behavior is explained with the aid 
of Figure 13, which shows the direction of change in con-
centration for all the reactor cells following a step 
decrease in impeller speed. The concentration increases in 
the cells in and above the impeller stream (as expected), 
but decreases in the cells below the impeller stream (not 
expected). This behavior results because a wider concen-
tration distribution is forced as the impeller speed is 
lowered. That is, the cells above the impeller stream in-
crease disproportionately more at the expense of the cells 
below the impeller stream and so much more that the effect 
of the lowered mixing on reaction rate is completely masked. 
In order to analyze the effect on the product conver-
sion response made by a process change on a CSTR with a very 
rapid second-order reaction, the residence-time effects on 
reactor response uniformity play a major role. This be-
havior is particularly true where very high conversions are 
required, turbulent energy dissipation rates are high, and 
rapid second-order reactions are occurring. 
2. Turbulent Mixing Effects on Effluent Conversion 
The second-order reaction rates described by 
Equations (2) and (7) are used in the MRM and MR models, 
respectively. The difference between these two rate ex-
pressions is caused by the former's dependence on the con-
centration fluctuation term, c 1 2, which represents the 
degree of mixing in the CSTR. Note that the rate of decay 
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of the concentration fluctuations described by Equation (5) 
is a function of both the time-averaged concentration and 
the segregation intensity, meaning that the degree of mixing 
is also dependent on the rate of reaction. The difference 
in the responses of the MRM and the MR models display the 
turbulent mixing effect on the effluent conversion. As 
shown in Figure 14, there is a turbulent mixing effect when 
an upset in feed rate or impeller speed occurs and also 
when the reaction rate constant is varied for a given upset. 
For all of the concentration responses shown in the 
figures, the MRM model response lies in a concentration 
range that is higher than the range in which the MR model 
response lies. This result is most easily seen in 
Figures 11 and 12 where the concentration responses for the 
effluent cell, Cell 27, are not normalized. The differences 
between the MR and MRM responses reflect the overall effect 
of insufficient mixing on the extent of reaction in a CSTR. 
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Figures 4 and 5 demonstrates that the turbulent mixing 
effects on the shape of the effluent conversion response to 
an upset in impeller speed is more important at a lower 
reactant feed rate. This phenomenon is related to the 
residence time effect on the segregation intensity which 
causes the change from a step increase for the intensity 
response in Figure 4 to a step decrease for the intensity 
response in Figure 5. 
3. Kinetic Effects on Effluent Conversion 
The second-order reaction rate constant appears in 
Equations (2) and (6) and therefore affects the rate of 
decay of concentration fluctuations as well as the rate of 
disappearance of species 1. Two second-order rate constants 
were used in the illustrations presented (K 2 = 0.10 and 10.0 
ft3/lbm·sec) to demonstrate the "kinetic effect" on the 
CSTR's effluent conversion response. 
illustrated in Figure 14. 
This effect is 
Mixing effects on second-order reaction conversion re-
sponse increase as the reaction rate constant is increased. 
The range of concentration spanned by the MRM model's 
response in Figure 7 is smaller than that spanned in 
Figure 9, indicating that the higher rate constant has 
resulted in higher conversion as was pointed out in 
Section I. In addition, the conversion response to an upset 
in feed rate is much faster for the higher rate constant. 
Figures 3 and 4 present the conversion response to an upset 
in · impeller speed for the two rate constants and for this 
upset the size of the rate constant does not have an 
appreciable affect on the turbulent mixing effects on 
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comparison of the experimental results of 
Hubbard and Patel with the calculated results 
from the model. 
F-curve response of the mixer-reactor being 
modeled for a step change in feed concen-
tration compared to the F-curve for the 
perfect mixer. 
Time response of the normalized concentration 
and segregation intensity for an upset in 
impeller speed from 600 to 200 rpm (K 2 = 
10.0 ft 3/lbm·sec and QFEED = 0.1 ft 3/sec). 
Time response of the normalized concentration 
and segregation intensity for an upset in 
impeller speed from 600 to 200 rpm (K 2 = 
0.10 ft 3/lbm·sec and QFEED = 0.10 ft 3/sec). 
Time response of the normalized concentration 
and segregation intensity for an upset in 
impeller speed from 600 to 200 rpm (K 2 = 







Time response of the normalized concentration 
and segregation intensity for an upset in 
QFEED from 0.1 to 0.05 ft 3/sec (N = 200 rpm, 
K2 = 10.0 ft 3/lbm·sec). 
Time response of the normalized concentration 
and segregation intensity for an upset in 
QFEED from 0.1 to 0.05 ft 3/sec (N = 400 rpm, 
K2 = 10.0 ft 3/lbm·sec). 
Time response of the normalized concentration 
and segregation intensity for an upset in 
QFEED from 0.1 to 0.05 ft 3/sec (N = 600 rpm, 
K2 = 10.0 ft 3/lbm·sec). 
Time response of the normalized concentration 
and segregation intensity for an upset in 
QFEED from 0.1 to 0.05 ft 3/sec (N = 400 rpm, 
K2 = 0.1 ft
3/lbm·sec). 
Time response of the normalized concentration 
and segregation intensity for an upset in 
QFEED from 0.1 to 0.05 ft3/sec (N = 600 rpm, 
K2 = 0.1 ft
3/lbm·sec). 
Figure 11 .. 
Figure 12. 
Figure 13. 
Figure 14 .. 
103 
Time response of the PM, MR, and MRM models 
for an upset in QFEED (0.1 to 0.05 ft 3/sec). 
Dotted curves are responses of the MRM model 
for the indicated tank cell (N = 200 rpm, K2 = 
10.0 ft3/lbrn·sec). 
Time response of the PM, MR, and MRM models 
for an upset in QFEED (0.1 to 0.05 ft 3/sec). 
Dotted curves are responses of the MRM model 
for the indicated tank cell (N = 600 rpm, 
K2 = 0 .. 1 ft 3/lbm·sec). 
Schematic illustrating the time response 
behavior of concentration to an upset in 
impeller speed. 
Coupling relationships between mixing and 
extent of reaction conversion. 
TABLE I 
Comparison of Results Calculated from the 
Unsteady-State Model with Those Calculated 






































K2 = 10.0 ft 3/lbm·sec 
N = 400 rpm 











































































Summary of Unsteady-State calculations 
Impeller Effluent 
Feed Rate Speed Responses 
QFEED' ft 3/sec N, rpm (Figure No.) 
0.10 600 - 200 3 
0.10 600 - 200 4 
0.05 600 - 200 5 
0.10 - 0.05 200 6 
0.10 - 0.05 400 7 
0.10 - 0.05 600 8 
0.10 - 0.05 400 9 
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DEVELOPMENT OF THE IMPROVED 
HDM MODEL 




The improvement of the previously conceived HDM model 
described in Section I required numerous trial and error 
modifications to the reaction rate expression which could 
not be presented earlier because of space limitations. An 
elaboration of these details and others describing the 
combined mixing-reaction process are presented here. First, 
the concept of mixing with simultaneous reaction is re-
viewed, and then the specific problems encountered with the 
pipe-flow reactor HDM model, the steady-state CSTR HDM 
model, and the unsteady-state CSTR HDM model are discussed. 
Concept of the Mixing and Reaction Process 
Sections I and II describe the modeling and simulation 
of the mixing process in pipe-flow reactors and stirred 
baffled tanks, both with and without second-order reaction. 
The problem solved is the determination of the degree of 
mixing and reaction in these vessels in both space and time. 
In order to do this, some measure of the goodness of mixing 
and extent of reaction was defined. The instantaneous, 
point concentration was used as a measure of the degree of 
the extent of reaction in the usual way, but a definition 
for the degree of mixing required more attention. 
Danckwerts (1958) defined mixing in terms of the break-
up of unmixed clumps of pure components and molecular 
diffusion. He labeled the size of unmixed clumps as the 
scale of segregation and the degree of unmixedness as the 
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intensity of segregation. These terms were used to describe 
the state of the mixing process, namely, the smaller the 
scale, the more complete the mixing and likewise the lower 
the intensity the more complete the mixing. 
A quantitative description of mixing involves assign-
ment of precise formulas for the scale and intensity in 
terms of the instantaneous concentration fluctuation at a 
point (a statistical approach) . A convenient length scale 
has beed defined by Brodkey (1967) as shown in Equations (I 
-1 ) and I- 2 ) . 
<X> 
Ls = J g(y)dy 
0 
g(y) = c(x)c(x+y)/c'2 
c(x) is the concentration fluctuation at the point, x, 
(I-1) 
(I-2) 
c(x+y) is the concentration fluctuation at a distance, y, 
from the point described by x, and c' is the root-mean-
concentration fluctuation. Intensity of segregation of the 
degree of mixing is defined as in Section I: 
(I-3) 
The intensity, I, and the scale, Ls, completely define the 
degree of mixing at a point. 
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The quantitative relationship between mixing and 
second-order reaction was determined in Section I-E by 
developing a reaction rate expression in terms of segrega-
tion intensity, I, and time averaged concentration c1 . The 
mixing-reaction process is followed mathematically in an 
element of volume by a material balance and a segregation 
intensity balance (conceived by Rosensweig (1964 and 1966)). 
The generation term in the material balance is a function of 
both concentration and segregation intensity. The genera-
tion term in the segregation intensity balance (also 
developed in Section I-E) is a function of intensity, con-
centration, energy dissipation rate (directly relatable to 
mechanical agitation), and scale of segregation, Ls. Thus, 
the quantitative description of mixing (Ls and I) is related 
mathematically to the extent of reaction (HDM model). 
The approach used above to model the mixing-reaction 
process was conceived earlier by Patterson (1970), but 
calculations using his model did not compare well with the 
experimental data of Vassilatos and Toor (1965) . 
Patterson's HDM model was changed in Section I-E so that 
agreement with the experimental data could be attained. 
This change was developed using a pipe-flow reactor as 
described in Section I, by a trial and error procedure 
which is explained in more detail here. 
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The Pipe-Flow Reactor Model 
Much of the preliminary work using the model presented 
in this study was done using the pipe-flow reactor HDM model 
shown in Figure I-1. This reactor mimics the one used by 
Vassilatos and Toor (1965), from which they obtained steady-
state conversion data as a function of length for very fast 
second-order reactions. The primary reason for using the 
pipe flow reactor was the availability of this data for 
comparison. Earlier work by Patterson (1970) using a model 
similar to the one used in Section I did not compare very 
well with the results of Vassilatos and Toor as is illus-
trated in Figure 1, Section I-N. The cause for the 
disagreement lay with the assumption that was used in 
developing the equation for the rate of concentration fluc-
tuation decay: Equation (13), Section I-E. Patterson 
assumed that the term c 1 2c 2 was equal to zero. A consider-
able amount of effort was spent trying to rigorously derive 
an approximation to this triple correlation term in terms of 
c 1 2, the primary dependent variable, without success. So a 
trial and error procedure was tried whereby an approximation 
to the triple correlation term was incorporated into the HDM 
model and the calculated results were compared to the exper-
imental data of Vassilatos and Toor. When agreement was 
achieved, the approximation used was assumed correct. 
The use of Equations (6) and (7), Section I-E to model 
the pipe-flow reactor in Figure I-1 is relatively easy 
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compared to the stirred-tank reactor (Section I-G) . For 
cell j the equations are as follows: 
Q ( j -1, j) cl . 1 = ]- cl 2) . (I-4) J 
Q(j-l,j)cl2 j-1 ( I-5) 
There are a total of 60 simultaneous equations to be solved 
for any one steady-state solution. The rate of decay of 
concentration fluctuation, r 1 ., is defined by Equation (16), J 
-3/2 
Section I-E where it is assumed that c1 2c 2 = c 1 2 In 
order to test a given approximation to the triple correla-
tion term, it was substituted in Equation (16), Section I-E 
-3/2 
in place of c 1 2 . Some of the approximations tried are 
shown below. 
-3/2 




Calculations using the model fit the experimental data 
best over a broad range of reactant ratios when Equation (I-
7) was used. 
This approximation was used even though no theoretical 




As different reaction rate constants were tried, the 
pipe-flow reactor cell volume (see Figure 1, Section III) 
had to be lowered so that the concentration change would be 
spread over a number of cells. By adjusting the cell 
volumes to smaller values, reactions with higher reaction 
rates could be plotted on an accomplished mixing basis 
(Vassilatos and Toor (1965)). The question then arose as 
to whether this cell volume change might affect the resul-
ting conversion at a point along the reactor. A study 
revealed that the absolute value of concentration at a 
point did change when a large cell was divided into smaller 
one, but the average of the smaller cell concentrations was 
always close to the center value of the original larger 
cell. A trial and error procedure was used to find the 
cell size that gave data over the whole range of accom-
plished mixing. 
The comparison between the calculated results and the 
experimental data is demonstrated in Figure 1 and 2 of 
Section I. The model, which included second-order reaction 
kinetics, the effects of turbulent mixing and a completely 
segregated reactant feed, was now thought to be adequate 
for use in continuous stirred-tank reactors. 
During the writing of this thesis, continued efforts 
were made to find an approximation to the so-called triple 
correlation term in terms of c 1 2 which had some theoretical 
basis other than just dimensional similarity as the one used 
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in Section I and II. Such an approximation has been 
obtained recently by Patterson (1973) and its development 
is outlined here, since the use of this term resulted in 
comparisons with Vassilatos and Toor•s (1965) data that are 
equally as good as those obtained in Section I. 
The development begins by observing the concentration 









Here, a two component system is assumed, 




B(l-y) JL_, _________ l _______ _ 
c1(t) S(a+y) 
c2(t) 
-- _l ______ 
TH·£ 
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species 1 and species 2. The instantaneous concentration 
of each species ocsillates about its time averaged value Ci 
in a sawtoothed fashion. Note that c 1 (t) and c 2 (t) are 
depicted by the distance between c 1 and c 2 and their cor-
responding instantaneous concentrations at any time, t. 
a is the ratio of the flow of species 1 and species 2 into 
the point and was assumed equal to 1 in Patterson's work. 
B is the ratio C1/c2 and Y is the concentration overlap as 
shown. Using these parameters, all of the geometric dimen-
sions of the sawtoothed fluctuations are determined. From 
the geometry, c1c2 can be calculated in terms of the defined 
parameters for regions I, II, and III and then time aver-
aged. Likewise, c 1 2c 2 can also be developed from this 
geometry. The results after much manipulation (Equation 19) 
are shown in Section I-G, where a is suppressed. 
Stirred-Tank Reactor - Steady-State Solution 
The development of the balance equations for the HDM 
stirred-tank reactor model presented no particular problems, 
and is presented in detail in Section I. The new triple 
correlation approximation term was incorporated directly 
into the stirred-tank HDM model. The previous work of 
Patterson had developed the flow pattern calculation and 
only a modification of it was necessary for the study of the 
stirred tank with the reactant feed position at the center 
of the impeller (see Appendix III). After this modification 
. some work was done to make sure that the internal flows were 
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consistent and uniquely determined. The iteration technique 
used in Patterson's computer program for the steady-state 
stirred-tank reactor had to be changed to accomodate the 
nonlinear approximation to the triple correlation term 
Few problems were encountered with convergence of 
the Newton routine used~ however, when extremely short 
residence times were imposed, the flow pattern relationships 
selected sometimes failed and no solution could be obtained. 
This presented a restriction on the usable range of some 
parameters, since the interest was in high reaction rates 
which produced high conversion (low concentrations) and a 
high degree of mixing (extremely low segregation inten-
sities). At times conversion and intensity were out of the 
range of practical study. Had higher reactant rates been 
obtainable, this problem could have been avoided. This was 
even more of a restriction when reactant ratios other than 
1/1 were studied since these reactions needed even less 
residence time to go to completion. As a result, some of 
the analysis had to be made on small changes between already 
small values of concentration and segregation intensity. 
These restrictions were also found in the unsteady-state 
reactor study. 
Stirred-Tank Reactor - Unsteady-State Solution 
The development of the mathematical model for the 
unsteady-state reactor was a logical extension of the 
steady-state equations. The solution of the equations, 
131 
however, required a much different approach. Section II 
details the development of the equations and their applica-
tion to the stirred, baffled tank reactor. The problem was 
to solve a set of 60 coupled, non-linear, ordinary differen-
tial equations. The boundary conditions for any run was a 
set of steady-state values of concentration and segregation 
intensity throughout the tank. These had to be determined 
11 a priori 11 to running the program. These could be obtained 
in two ways; one the steady-state program and two, by 
supplying arbitrary boundary conditions to the unsteady-
state model and letting the computer drive the output to the 
steady-state conditions. These boundary conditions could 
then be used in runs simulating upsets from a known steady-
state condition. 
The mathematical model was programmed for solution 
using IBM's continuous Systems Modeling Program, which is 
designed for solution of differential equations on the 
digital computer. There was not enough analog computer 
equipment available to handle this size problem. 
The main problem in solving these equations was finding 
an acceptable integration method and the size of the step 
over which the integration was made. Generally, the smaller 
the time interval, the easier it was to obtain convergence 
over the desired study range, but also, the smaller the time 
interval, the longer the computation time. Several inte-
gration methods were tried such as the Simpson and the 
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fourth-order Runge-Kutta, but these more sophisticated 
procedures required much more computer time than the Trape-
zoidal Method which was finally used. The size of the 
integration step was held at 0.01 seconds except in two 
cases where a smaller step was needed to obtain a solution. 
This model was easily modified for the unsteady-state 
case with no reaction occurring. The results from this case 
were then compared to the experimental results of Hubbard 
and Patel (see Section II-F) . 
APPENDIX II 
THE APPLICATION OF THE MODEL TO SCALE-UP OF THE 
DEGREE OF MIXING IN STIRRED TANKS 
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Design and Scale-up of Stirred Tanks 
The problem in design and scale-up of stirred-tank 
mixer-reactors has been given much attention in the litera-
ture. Evangelista, Katz, and Shinnar (1969) derived a 
method for the design and scale-up of stirred-tank reactors, 
which included mixing effects. Connolly and Winter (1969) 
pointed out that when scaling to a larger mixer, holding 
constant the torque per unit volume delivered to the mixture 
by the impeller, duplicated flow velocities at critical 
points 1n mixing vessels. This type of duplication is re-
ferred to as kinematic similarity. Shinnar (1961) main-
tained that kinematic similarity can be fulfilled by always 
choosing the small scale mixer to have a large Reynolds 
number, ( >104) • 
Another corrunonly used scale-up criterion, which is 
particularly important here, holds the total power input per 
unit volume constant for changes in tank size. Shinnar 
pointed out that this criterion maintains similarity of the 
turbulent flow regime in the high wave number range. Penny 
(1971) maintains that turbulence dependent parameters such 
as drop diameter, mass and heat transfer coefficients and 
particle size are also held constant. Uhl and Gray (1966) 




is true for all sizes of geometrically similar mixers. When 
the aforementioned equation applied to a large mixer is 
divided by its counterpart for a small mixer, the result is 
as follows: 
N 3n 2/N 3n 2 
n n o o (II-2) 
The subscript n refers to the larger tank and o refers to 
the smaller tank. If Nn and N0 are constant and equal in 
the two tanks, Equation (II-2) then implies that the energy 
dissipation per unit volume of the small mixer must be mul-
tiplied by Dn 2/n0 2 to obtain the energy dissipation per unit 
volume in the larger tank. 
The integral scale when scaling to larger tanks is 
considered to be proportional to the size of the impeller. 
cutter (1966) suggests that this is also true of velocity at 
equivalent locations in stirred tanks. This scale-up of 
energy dissipation and integral scales was used in the math-
ematical model, which is used to show the effect that scale-
up has on segregation intensity and vice versa. 
Scale-up Theory Applied to the HDM Model 
The stirred-tank HDM model can be modified to allow 
calculations on any size geometrically similar tank by per-
mitting the segregation scale to be proportional to the 
impeller size and the energy dissipation rates to be propor-
In addition, the residence time, QFEED I 
VT, must be held constant when scaling to different sized 
137 
vessels. The modified model now behaves as if constant 
power per unit volume is th(~ correct way to scale the degree 
of mixing. Segregation intensity results calculated using 
this model can be compared for different sized vessels to 
see if these results are thE~ same. They should be the same, 
if intensity is a good measure of the degree of mixing. 
For simplicity, 
reaction (Equations 
the steady-state HDM model without 
(6) and (7), Section I-E when K2 = O) 
was used to illustrate how t:.he model behaves in terms of 
segregation intensity when ~~caling using the constant power 
per unit volume approach. 
A total of seventy-two sets of calculations were made 
using the modified model (see Table IV-3), thirty-six had 
the feed entering the vessel. at Cell 6 (tank top) and thirty-
six had the feed entering at Cell 13 (impeller center). 
Figures II-1 and II-2, Section III, illustrate some of the 
results. In these two figures, one for feed to Cell 6 and 
one for feed to Cell 13, the segregation intensity in the 
outlet cell, Cell 27, is compared for three different size 
tanks. The tanks are 1 ft diameter x 1 ft high, 3 ft dia-
meter by 3 ft high, and 7 ft. diameter by 7 ft high. It is 
clear from these two figures that for a wide range of im-
peller speeds and inlet flow rates, the intensity is essen-
tially the same in the product cells of the three different 
sized tanks. Since the segregation intensity is an indica-
tion of the degree of mixing-, these tanks show very similar 
mixing in their outlet streams. 
So when energy dissipation rates are scaled based on 
the power-per-unit-volume concept and are used in the HDM 
model, the scaled results of the model (as pointed out by 
Shinnar (1961)) are essentially equivalent. 
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Figures II-3 and II-4, Section III, illustrate segre-
gation intensity versus impeller speed divided by the 
entering feed rate. These results were obtained from the 
HDM model applied to three different sized CSTRs where the 
feed rate was not adjusted to maintain a constant residence 
time when scaling to the larger tanks. For both feed 
entering at Cell 6 and feed entering at Cell 13 the segre-
gation intensity decreases as the size of the vessel becomes 
larger for the same value of N/QFEED· Likewise for a given 
tank the segregation intensity decreases as N/QFEED in-
creases. This trend was determined experimentally by Reith 
(1965) and his data is plotted on Figure II-3, Section III, 
for comparison. The slope for Reith's data compares favor-
ably with that of the 1' x 1' tank results as does its 
magnitude when consideration is given to the fact that 
Reith's tank was slightly smaller than the one modeled here. 
Also, worthy of note, is that Reith's tank had its outlet 
in the top with the feed entering in the center, while the 
mathematical model described a tank with feed at the center 
and outlet in the bottom. This good comparison with experi-
mental data does substantiate the general accuracy of the 
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model for the range of parameters studied. 
Generalized Scale-up Data 
By using a correlating form similar to that used by 
Norwood and Metzner, as discussed by Uhl and Gray (1966), 
the data in Figures II-2 and II-3, Section III, can be 
plotted as shown in Figure II-5, Section III. Here, given 
the tank size and configuration, the degree of mixing can be 
predicted. When plotted on log-log paper the segregation 
intensity is directly proportional to the Norwood and 
Metzner correlating form applied to the tank being modeled. 
It is interesting to note that better mixing is attained 
when the feed enters at the top-right of the tank as opposed 
to the center of the tank. 
It is important to point out here that the data pre-
sented in Figure II-5, Section III, does provide a means of 
scaling a reactor based on constant segregation intensity 
which is related to both mixing and reaction rate. 
APPENDIX III 
THE STEADY-STATE MODEL APPLIED 
TO THE STIRRED-TANK MIXER 
WITH FEED AT THE IMPELLER 
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Formulation of the Problem 
The steady-state HDM model with second-order reaction 
developed in Section I-E can easily be modified to fit an 
infinite number of inlet and outlet positions. Many of 
these would not be of interest, but some are commonly used. 
One of particular interest is shown in Figure III-1, 
Section III, where the reactant feed is fed at the impeller. 
The HDM model can be modified to simulate this type of feed 
condition. The mass and segregation intensity balances on 
Cells 6 and 13 must be rewritten. Also, the calculation of 
the internal flow rates are dependent on the feed and outlet 
positions, so it must be changed slightly. All the rest of 
the computer model remains the same including the method of 
iteration and convergence to reach a solution. 
Table IV-9, Section III, summarizes the runs of the 
steady-state model of the stirred tank with a second-order 
reaction occurring, totaling 36 in all. Runs 1 through 18 
in Table IV-9, Section III, are selected for discussion 
because they are comparable to some of the steady-state data 
presented in Section I for feed to Cell 6. 
Results 
Figure III-2, Section III, illustrates the concentra-
tion distribution at steady-state when the reactants are fed 
to Cell 13. Product is continuously withdrawn and reactants 
are continuously fed to maintain a full tank at all times. 
For a high reaction rate constant of K2 = 100 ft3/lb ·sec . m , 
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a reactant feed rate of 0.1 ft 3/sec, and a reactant feed 
ratio of 1/1, the concentration in the outlet ranges from 
0.0151 to 0.0298 lbm/ft3, increasing with increasing im-
peller speed. The reactant concentration is the highest in 
the impeller stream and is the lowest in Cells 11 and 23. 
The concentration decreases with impeller speed in the feed 
cell, Cell 13, but the reverse is true for all other cells. 
Figure III-3, Section III, shows how the normalized concen-
tration in the effluent cell, Cell 27, varies with impeller 
speed for four different reactant feed rates. Generally, as 
the feed rate increases, the conversion in the product de-
creases reflecting the decrease in residence time. The 
conversion decreases as the impeller speed is increased for 
all reactant feed rates. 
Figure III-4, Section III, illustrates the time aver-
aged concentration distributions in the stirred reactor with 
feed to Cell 13 for a low reaction rate of 0.1 ft 3/lbm·sec, 
a QFEED of 0.1 ft 3/sec and a reactant ratio of 1/1 for three 
impeller speeds. The concentration in the product again 
increases with increasing impeller speed, but for this value 
of the rate constant, K2 , the concentration decreases in all 
the cells in the impeller stream including Cells 12 and 18 
with increasing impeller speed. Recall that for the high 
rate constant, K2 = 100 ft 3/lbm·sec, only Cell 13 responded 
in this manner. 
Cells 11 and 23. 
Again, the concentration is the lowest in 
Figure III-5, Section III, shows the 
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segregation intensity distributions for the same set of run 
conditions for three different impeller speeds. The inten-
sity decreases (indicates improved mixing) with increasing 
impeller speed. The intensity is the smallest in Cells 11 
and 23 and ranges from 0.0012 at 200 rpm to 0.0002 at 600 
rpm in the effluent cell. Figure III-6, Section III, illus-
trates the change in segregation intensity and normalized 
concentration in the product for four different reactant 
feed rates. The concentration increases while the intensity 
decreases with increasing impeller speed for all four feed 
rates. The concentration is the highest in the product when 
the feed rate is the highest and the same is true for the 
intensity. 
Discussion and Conclusions 
It is of interest to compare Figure III-2, Section III, 
with Figure 7, Section I-N, because these concentration dis-
tributions result from the same run conditions but with 
different reactant feed entry points. The concentrations 
of reactant in the product at the three impeller speeds are 
very similar with the feed at Cell 6 showing a slightly 
higher degree of conversion in the product. This would indi-
cate that feed to Cell 13 case has a broader age distribution 
in the product than does the case where the feed is fed to 
Cell 6. This ability to analyze various inlet and outlet 
positions in terms of the goodness of mixing or reaction 
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demonstrates one of the practical uses of this study. This 
approach could also be applied to the unsteady-state HDM 
model with second-order reaction. 
When Figures III-2 and III-4, Section III, are compared, 
the competition between the tendency toward tank uniformity 
and the effects of mixing on reaction are apparent when feed 
enters at Cell 13 as they were in both the steady-state and 
the unsteady-state work where feed enters at Cell 6. When 
the reaction rate constant is raised, the effect of agita-
tion rate on reaction and then on the concentration distri-
bution becomes larger. But on the other hand, when the 
reaction rates are high, the tendency towards uniformity 
with increasing impeller speed in stirred tanks obscures the 
mixing effects on outlet conversion. In any actual experi-
mentation care should be taken to know which is controlling, 
the tendency towards uniformity or the effect of mixing on 
reaction. 
APPENDIX IV 
A SUMMARY OF COMPUTER RUNS 
WITH RESULTING DATA 
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Summary of Runs and Data 
During the course of this work, many computer runs were 
made. Some of these were merely to debug or to bring the 
final results in a special range. Many were run to find a 
useable integration interval or a readable output format. 
An attempt is made here to summarize all of the runs that 
produced results that were considered for the writing of the 
paper. An attempt is made also to tabulate some of the 
pertinent steady-state results from all of the summarized 
runs. The amount of unsteady-state results is so large that 
no attempt is made to present it in detail. The reader is 
directed to the list of figures in the second paper for the 
available unsteady-state results. 
The Pipe-Flow Reactor 
Table IV-1 summarizes the runs made using the steady-
state pipe flow model that was not used in the search for an 
approximation to the triple correlation term. For discus-
sion on this model, see Appendix I. These runs were used to 
compare Patterson's approximation for c 1 2c 2 and the one 
developed by Patterson and Otte in this work. They were 
also used to check the effect of cell volume and reaction 
rate on the conversion versus distance curve. The run 
number designated in Table IV-4 corresponds to the run 
number in Table IV-2 where the cell concentrations are re-
corded for each of the forty runs. The concentration values 
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are rounded off. Any cell value not recorded is to be 
considered zero out to two decimal places. 
Steady-State Stirred-Tank Mixer without Reaction 
Table IV-3 surrunarizes both the runs and resulting data 
for the stirred-tank mixer with no reaction occurring. 
These runs and data were used in the scale-up work presented 
in Appendix II. All of the runs were made on a stirred-tank 
being fed by two dissimilar materials in a completely segre-
gated way in a ratio of 1/1. Both materials have a density 
of 62.4 lbm/ft3 and the density of the resultant mixer is 
also 62.4 lbm/ft 3 . The segregation intensity is given for 
each run in Cells 6, 11, 13, 18, and 27. These cells were 
chosen because of their singular interest and because 
together they give a good spatial view of degree of mixing 
throughout the tank. Ninety-two runs were made and these 
were in addition to those made by Lai and Wang who pro-
grammed this model. 
Steady-State Stirred-Tank Mixer with Reaction 
Table IV-4 surrunarizes the runs made with the steady-
state stirred-tank mixer when the feed enters at Cell 6. 
This model is discussed in detail in Section I. There are a 
total of seventy-five runs with K2 , QFEED' N, and CFEED as 
parameters. The run numbers correspond to those in Table IV 
-5 where segregation intensity and concentration are given 
for five cells of the tank. All the numbers in this table 
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have been truncated either because of the computer's method 
of handling output or to make the tables more brief. 
Tables IV-6 and IV-7 present the runs and results for 
the same model, but the feed stream now enters in Cell 13. 
These runs are discussed in detail in Appendix III. A total 
of 36 runs were completed while varying K2, CFEED' QFEED' 
and N. Again, the run numbers in Table IV-6 correspond to 
those given in Table IV-7 where the segregation intensity 
and concentration are given for five of the reactor cells. 
Steady-State Stirred-Tank Mixer with Reaction and 
Temperature Effects 
Tables IV-8 and IV-9 summarize the runs and resulting 
data when the model is applied to a second-order exothermic 
reaction and the feed enters in a segregated manner to 
Cell 6. These results are discussed in Section I. The feed 
rate, impeller speed, reaction rate constant and the heat of 
reaction were varied. The run numbers in Table IV-8 cor-
respond to those in Table IV-9, where the temperature, the 
concentration of reactant species A1 , and the segregation 
intensity are given for Cells 6, 11, 13, 18, and 27. 
Unsteady-State Stirred-Tank without Reaction or Mixing 
Effects 
The availability of the experimental data of Hubbard 
and Patel prompted the attempt here to use this unsteady-
state model to simulate their reactor. Table IV-10 
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surrunarizes the runs and the experimental data used in 
Section II, where a detailed discussion can be found on the 
simulation. Impeller speed and inlet feed rate were varied 
to obtain the desired values of Nn and NRe' defined in 
Section II-H. Eight runs were made and the output consisted 
of concentration time responses for each of the thirty cells. 
The results shown in Table IV-10 are the normalized concen-
trations after the beginning of the upset taken at time 
equal to 100/N, 200/N, 400/N, 600/N, and 800/N minutes. The 
data is presented the way it is, because this is the method 
used by Hubbard and Patel in their tables (see Section II-H) 
Unsteady-State Stirred-Tank Mixer with Reaction for the 
PM, MR, and the MRM Models 
Tables IV-11, IV-12, and IV-13 summarize all of the 
unsteady-state runs used in Section II. No attempt was made 
to summarize the data because of the tremendous amount of 
space it would take. Only two runs were needed of the PM 
model to compare with the MRM runs because of its insensi-
tivity to impeller speed upsets and its invariance with N 
for a response to a feed rate upset. 
The runs made with the MR model are shown in Table IV-
12 totaling eight in all. Two upsets were considered, one 
in impeller speed and one in feed rate. The corresponding 
runs for the MRM model are shown in Table IV-13 for the same 
















Reactant species i 
Instantaneous concentration of species i 
Instantaneous concentration of species i 
in the feed stream 
Concentration fluctuation of species i 
Impeller diameter 
Tank diameter 
Liquid level in the tank 
Intensity of mixing 
Second-order reaction rate constant 




Power delivered to the impeller 
Flow rate of the entering feed 
Flow rate from the ith to the jth cell 
Rate of decay of ci2 in the jth cell 
Time 
Volume of the jth cell 














Ratio of the flow rates of species 1 and 
Species 2 into a volume element 
Degree of interdiffusion of reactants 
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overbar, time or position averaged quantity 
Species number 
Cell number 
Larger of the two tanks 
Smaller of the two tanks 
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Figure captions, Appendices 
Figure I-1. Schematic of pipe-flow reactor. 
Figure II-1. Segregation intensity in the effluent cell 
for the mixing model applied to three 
different size tanks - Feed enters at 
Cell 6. 
Figure II-2. Segregation intensity in the effluent cell 
for the mixing model applied to three 
different size tanks - Feed enters at 
Cell 13. 
Figure II-3. Segregation intensity in Cell 27 versus 
impeller speed divided by the feed rate for 
three different sized tanks calculated 
using the mixing model with feed entering 
at Cell 13. Also shown is experimental 
data for a similar type vessel. 
Figure II-4. Segregation intensity in Cell 27 versus 
impeller speed divided by the feed rate for 
three different sized tanks calculated 
, 
using the mixing model with feed entering 
at Cell 6. 
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Figure Captions, Appendices Continued 
Figure II-5. Generalized plot of effluent segregation 
intensity versus a known scale-up corre-
lating equation for feed entering at both 





Schematic of the stirred-tank reactor with 
feed entering at the impeller. Dimensions 
are identical to those in Figure 3, Section 
I. 
Time averaged concentration distribution 
(lbm/ft3) versus impeller speed for 
reactant ratio of 1:1, K2 = 100.0 ft3/ 
lbm·sec, and QFEED = 0.1 ft 3/sec - Feed 
enters at Cell 13. 
Conversion in the product (Cell 27) versus 
impeller speed for reactant feed ratio of 
1:1 and K2 = 100.0 ft
3/lbm·sec - Feed 
enters at Cell 13. 
Time averaged concentration distribution 
(lbm/ft3) versus impeller speed for 
reactant ratio of 1:1, K2 = 0.1 ft3/ 
lbm·sec, and QFEED = 0.1 ft 3/sec - Feed 
enters at Cell 13. 
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Figure Captions, Appendices Continued 
Figure III-5. 
Figure III-6. 
Segregation intensity distribution versus 
impeller speed for QFEED = 0.1 ft 3/sec, 
reactant ratio of 1:1, and K2 = 0.1 ft 3/ 
lbm·sec - Feed enters at Cell 13. 
Conversion and Intensity in the effluent 
(Cell 27) versus impeller speed for 
reactant ratio of 1:1 and K2 = 0.1 ft3/ 
lbm·sec - Feed enters at Cell 13. 
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TABLE IV-1 
Summary of Runs for the Steady-State Pipe Flow 
Mixer with Both Second-Order Reaction and Mixing 
Effects when QFEED = 0.4 ft3/sec 
Run K2 Cell CFEED 
Number £t3/1bm·sec Volume, ft3 lbm/ft3 C12C2 = 
1 1000 0.00001 5.67 * 
2 1000 0.00001 15.60 * 
3 1000 0.00001 20.80 * 
4 1000 0.00001 26.00 * 
5 1000 0.00001 31.20 * 
6 10000 0.00001 5.67 * 
7 10000 0.00001 15.60 * 
8 10000 0.00001 20.80 * 
9 10000 0.00001 26.00 * 
10 10000 0.00001 31.20 * 
11 10000 0.000001 5.67 * 
12 10000 0.000001 15.60 * 
13 10000 0.000001 20.80 * 
14 10000 0.000001 26.00 * 
15 10000 0.000001 31.20 * 
16 1000 0.01 5.67 0 
17 1000 0.005 5.67 0 
18 1000 0.0025 5.67 0 
19 1000 0.00125 5.67 0 
20 1000 0.000625 5.67 0 
21 1000 0.01 15.60 0 
22 1000 0.005 15.60 0 
23 1000 0.0025 15.60 0 
24 1000 0.00125 15.60 0 
25 1000 0.000625 15.60 0 
26 1000 0.01 20.80 0 
27 1000 0.005 20.80 0 
28 1000 0.0025 20.80 0 
29 1000 0.00125 20.80 0 
30 1000 0.000625 20.80 0 
31 1000 0.01 26.00 0 
32 1000 0.005 26.00 0 
33 1000 0.0025 26.00 0 
34 1000 0.00125 26.00 0 
35 1000 0.000625 26.00 0 
36 1000 0.01 31.20 0 
37 1000 0.005 31.20 0 
38 1000 0.0025 31.20 0 
39 1000 0.00125 31.20 0 
40 1000 0.000625 31.20 0 
_3/2 
*c12c2 = Cl2 
TABLE IV-2 
Summary of Concentration Data for the Steady-State Pipe Flow Mixer with Both 
Second-Order Reaction and Mixing Effects when 0FEED = 0.4 ft3/sec 
(Runs 1 through 13) 
cell Run No. 
No. 1 2 3 4 5 6 7 8 9 10 11 12 13 
1 3.26 10.4 14.9 20.1 26.0 0.61 2.63 4.74 8.39 14.4 3.26 10.4 14.9 
2 1.64 6.30 10.1 15.0 21.2 0.05 0.36 0.92 2.62 7.85 1.64 6.30 10.1 
3 0.78 3.71 6.68 11.2 17.5 0.00 0.04 0.16 0.80 4.94 0. 78 3.71 6.68 
4 0.36 2.16 4.42 8.39 14.7 0.01 0.03 0.23 3.43 0.36 2.16 4.42 
5 0.16 1.24 2.93 6.37 12.6 0.00 0.00 0.07 2.56 0.16 1.24 2.93 
6 0.07 0.71 1.94 4.89 10.9 0.02 2.01 0.07 0.71 1.94 
7 0.03 0.40 1.28 3.78 9.63 0.01 1.64 0.03 0.40 1.28 
8 0.01 0.23 0.85 2. 94 8.59 0.00 1.37 0.01 0.23 0.85 
9 0.00 0.13 0.56 2.30 7.73 1.17 0.01 0.13 0.56 
10 0.07 0.37 1.80 7.01 1.02 0.00 0.07 0.37 
11 0.04 0.25 1.42 6.41 0.90 0.04 0.25 
12 0.02 0.16 1.12 5.90 0.81 0.02 0.16 
13 0.01 0.11 0.88 5.46 0.73 0.01 0.11 
14 0.01 0.07 0.70 5.08 0.66 0.01 0.07 
15 0.00 0.05 0.55 4.74 0.61 0.00 0.05 
16 0.03 0.44 4.45 0.56 0.03 
17 0.02 0.35 4.19 0.52 0.02 
18 0.01 0.28 3.95 0.49 0.01 
19 0.01 0.22 3.74 0.46 0.01 
20 0.01 0.17 3.55 0.43 0.01 
21 0.00 0.14 3.38 0.40 0.00 
22 0.11 3.22 0.38 
23 0.09 3.08 0.36 
24 0.07 2.95 0.34 ...... 
25 0.05 2.83 0.32 U1 00 
Cell 






TABLE IV-2, continued 
Run No. 

















Summary of Concentration Data for the Steady-State Pipe Flow Mixer with Both 
Second-Order Reaction and Mixing Effects when QFEED = 0.4 ft3/sec 
(Runs 14 through 26) 
Cell Run No. 
No. 14 15 16 17 18 19 20 21 22 23 24 25 26 
1 20.1 26.0 3.08 3.99 4.68 5.13 5.39 9.33 11.6 13.3 14.4 15.0 13.2 
2 15.0 21.2 1.64 2.78 3.86 4.64 5.12 5.35 8.55 11.3 13.2 14.3 8.04 
3 11.2 17.5 0.86 1.93 3.17 4.19 4.86 2.96 6.20 9.56 12.1 13.7 4.70 
4 8.39 14.7 0.45 1.33 2.59 3.78 4.61 1.60 4.43 8.05 11.1 13.1 2.65 
5 6.38 12.6 0.23 0.91 2.12 3.41 4.38 0.85 3.14 6.75 10.1 12.6 1.44 
6 4.89 10.9 0.12 0.63 1.73 3.07 4.15 0.44 2.20 5.64 9.31 12.0 0.77 
7 3.78 9.64 0.06 0.43 1.41 2.76 3.94 0.23 1.53 4.69 8.50 11.5 0.41 
8 2.94 8.59 0.03 0.29 1.15 2.49 3.73 0.12 1.06 3.89 7.76 11.0 0.21 
9 2.30 7.73 0.02 0.20 0.94 2.24 3.54 0.06 0.73 3.22 7.07 10.5 0.11 
10 1.80 7.02 0.01 0.14 0.76 2.01 3.36 0.03 0.50 2.65 6.44 10.0 0.06 
11 1.42 6.42 0.00 0.09 0.62 1.81 3.18 0.02 0.34 2.18 5.86 9.60 0.03 
12 1.12 5.91 0.06 0.50 1.63 3.02 0.01 0.24 1.79 5.33 9.17 0.02 
13 0.88 5.47 0.04 0.41 1.46 2.86 0.00 0.16 1.47 4.83 8.75 0.01 
14 0.70 5.08 0.03 0.33 1.31 2.71 0.11 1.20 4.38 8.36 0.00 
15 0.55 4.75 0.02 0.27 1.18 2.57 0.07 0.99 3.97 7.97 
16 0.44 4.45 0.01 0.22 1.06 2.43 0.05 0.80 3.59 7.60 
17 0.35 4.19 0.01 0.18 0.95 2.30 0.03 0.65 3.25 7.25 
18 0.28 3.96 0.01 0.14 0.85 2.18 0.02 0.53 2.94 6.91 
19 0.22 3.75 0.00 0.12 0.76 2.07 0.02 0.43 2.66 6.59 
20 0.17 3.56 0.10 0.69 1.96 0.01 0.35 2.40 6.28 
21 0.14 3.38 0.08 0.61 1.85 0.01 0.28 2.16 5.98 
22 0.11 3.23 0.06 0.55 1.75 0.01 0.23 1.95 5.69 
23 0.09 3.08 0.05 0.49 1.66 0.00 0.19 1.75 5.42 
24 0.07 2.95 0.04 0.44 1.57 0.15 1.58 5.16 f--1 
25 0.05 2.83 0.03 0.40 1.49 0.12 1.42 4.91 "' 0 
TABLE IV-3, continued 
Cell Run No. 
No. 14 15 16 17 18 19 20 21 
26 0.04 2.72 0.03 0.36 1.41 
27 0.03 2.62 0.02 0.32 1.33 
28 0.03 2.52 0.02 0.29 1.26 
29 0.02 2.43 0.01 0.26 1.19 
30 0.02 2.35 0.01 0.23 1.13 

















Surrunary of Concentration Data for the Steady-State Pipe Flow Mixer with Both 
Second-Order Reaction and Mixing Effects when QFEED = 0.4 ft3/sec 
(Runs 27 through 39) 
Cell Run No. 
No. 27 28 29 30 31 32 33 34 35 36 37 38 39 
1 16.0 18.1 19.3 20.0 17.5 20.7 23.0 28.1 24.4 22.4 25.8 28.1 29.5 
2 12.2 15.6 17.9 19.3 11.6 16.4 20.3 25.3 22.8 16.1 21.3 25.3 28.0 
3 9.17 13.5 16.6 18.6 7.38 12.9 17.9 22.8 21.4 11.6 17.6 22.8 26.5 
4 6.79 11.6 15.4 17.9 4.55 10.0 15.7 20.5 20.0 8.36 14.5 20.5 25.0 
5 4.96 9.89 14.2 17.2 2.69 7.71 13.8 18.5 18.7 6.02 12.0 18.5 23.7 
6 3.57 8.43 13.2 16.5 1.53 5.86 12.0 16.6 17.5 4.33 9.90 16.6 22.4 
7 2.55 7.15 12.1 15.9 0.84 4.39 10.5 15.0 16.4 3.12 8.18 15.0 21.2 
8 1.79 6.03 11.2 15.3 0.4.5 3.25 9.09 13.5 15.3 2. 24 6.76 13.5 20.1 
9 1.25 5.08 10.3 14.7 0. 24 2.37 7.87 12.2 14.2 1.62 5.58 12.2 19.0 
10 0.87 4.25 9.49 14.1 0.12 1.70 6.78 10.9 13.3 1.16 4.61 10.9 18.0 
11 0.60 3.55 8.72 13.5 0.06 1.21 5.82 9.86 12.4 0.84 3.81 9.86 17.0 
12 0.41 2.95 8.00 13.0 0.03 0.85 4.98 8.88 11.5 0.61 3.15 8.88 16.1 
13 0.28 2.44 7.34 12.5 0.02 0.60 4.24 8.00 10.7 0.44 2.60 8.00 15.2 
14 0.19 2.02 6.72 12.0 0.01 0.41 3.60 7.20 9.94 0.32 2.15 7.20 14.4 
15 0.13 1.66 6.15 11.5 0.00 0.29 3.04 6.49 9.23 0.23 1.78 6.49 13.7 
16 0.09 1.37 5.62 11.0 0.20 2.56 5.84 8.56 0.17 1.47 5.84 12.9 
17 0.06 1.12 5.12 10.5 0.13 2.14 5.26 7.93 0.12 1.21 5.26 12.2 
18 0.04 0.92 4.67 10.1 0.09 1.79 4.74 7.34 0.09 1.00 4.74 11.6 
19 0.03 0.75 4.25 9.68 0.06 1.49 4.27 6. 78 0.07 0.83 4.27 11.0 
20 0.02 0.61 3.87 9.27 0.04 1.23 3.84 6.27 0.05 0.69 3. 84 10.4 
21 0.01 0.50 3.52 8.88 0.03 1.02 3.46 5.78 0.04 0.57 3.46 9.81 
22 0.01 0.41 3.19 8.50 0.02 0.84 3.12 5.33 0.03 0.47 3.12 9.28 
23 0.01 0.33 2.89 8.13 0.01 0.69 2.81 4.90 0.02 0.39 2.81 8.79 
24 0.00 0.27 2.62 7.78 0.01 0.57 2.53 4.51 0.02 0.32 2.53 8.31 
25 0.22 2.37 7.44 0.01 0.46 2.28 4.14 0.01 0.27 2.28 7.87 1-' 
0) 
l\) 
TABLE IV-4, continued 
Cell Run No. 
No. 27 28 29 30 31 32 33 34 
26 0.18 2.15 7.11 0.00 0.38 2.05 
27 0.14 1.94 6.80 0.31 1.85 
28 0.12 1.75 6.49 0.25 1.67 
29 0.10 1.58 6.20 0.21 1.50 
30 0.08 1.43 5.92 0.17 1.35 
35 36 37 
3.80 0.01 0.22 
3.48 0.01 0.19 
3.18 0.01 0.15 
2.91 0.01 0.13 
















Summary of Concentration Data for the Steady-State Pipe Flow Mixer with Both 
Second-Order Reaction and Mixing Effects when QFEED = 0.4 ft3/sec 


























25 15.4 ~ 
(j\ 
~ 



















Summary of Runs and Results for the Steady-State Stirred-Tank Mixer with No 
Reaction, but with Mixing Effects 
Feed QFEED Tank Segregation Intensity x 104 Run Cell N Size, ft 
No. No. ft3/sec rpm Dia. x Height Cell 6 Cell 11 Cell 13 cell 18 Cell 27 
1 6 .0005 360 lxl 16.86 .1511 .6744 .0315 .0014 
2 6 .001 360 lxl 33.68 .3024 1.355 .0633 .0027 
3 6 .003 360 lxl 100.3 .9089 4.147 .1938 .0083 
4 6 .005 360 lxl 166.1 1.517 7.048 .3299 .0142 
5 6 .01 360 lxl 326.9 3.045 14.77 .6940 .0298 
6 6 .05 360 lxl 1445. 14.87 101.6 4.911 .2111 
7 6 .1 360 lxl 2527. 25.69 272.6 13.68 .5878 
8 6 . 2 360 lxl 4036. 19.98 805.2 43.97 1.883 
9 6 .0135 360 3x3 16.71 .1411 .6386 .0273 .0011 
10 6 .0270 360 3x3 33.37 .2824 1.283 .0550 .0022 
11 6 .0810 360 3x3 99.45 .8490 3.928 .1685 .0068 
12 6 .1350 360 3x3 164.6 1.417 6.677 . 2868 .0115 
13 6 .270 360 3x3 323.9 2.846 14.00 .6039 .0243 
14 6 1.35 360 3x3 1434. 13.93 96.65 4.292 .1727 
15 6 2.70 360 3x3 2509. 24.13 260.1 12.01 .4830 
16 6 5.40 360 3x3 4013. 18.80 772.2 38.86 1.559 
17 6 .343 360 7x7 3.328 .2768 1.263 .0528 .0021 
18 6 .686 360 7x7 66.34 .5543 2.552 .1066 .0042 
19 6 1.029 360 7x7 99.18 • 8323 3.866 .1617 .0064 
20 6 1.715 360 7x7 164.2 1.389 6.571 .2752 .0109 
21 6 2.744 360 7x7 260.1 2.229 10.82 .4543 .0179 
22 6 3.43 360 7x7 323.1 2.790 13.78 .5795 .0229 
23 6 17.15 360 7x7 1430. 13.67 95.23 4.124 .1627 
24 6 34.3 360 7x7 2504. 23.69 256.6 11.55 .4557 ~ 
25 6 68.6 360 7x7 4007. 18.47 762.7 37.47 1.474 0'\ 0'\ 
TABLE IV-6, continued 
Feed Tank Segregation Intensity x 104 Run cell QFEED N Size, ft 
No. No. ft3/sec rpm Dia. x Height Cell 6 Cell 11 cell 13 cell 18 Cell 27 
26 6 .1 600 lxl 1682. 17.16 128.3 6.082 .2559 
27 6 . 2 600 lxl 2880. 27.39 354.6 17.60 .7405 
28 6 . 4 600 lxl 4476 . 3.541 1066. 58.98 2.471 
29 6 1.35 600 3x3 912.2 8.491 49.70 2.155 .0861 
30 6 2.70 600 3x3 1672. 16.32 123.4 5.476 .2188 
31 6 5.40 600 3x3 2865. 26.10 342.2 15.91 .6357 
32 6 10.8 600 3x3 4457. 3.377 1033. 53.64 2.134 
33 6 17.15 600 7x7 910.4 8.366 49.12 2.088 .0822 
34 6 34.3 600 7x7 1669. 16.09 122.0 5.310 .2090 
35 6 68.6 600 7x7 2861. 25.74 338.6 15.45 .6078 
36 6 .05 200 lxl 2341. 24.79 238.2 12.35 .5474 
37 6 .1 200 lxl 3796. 25.55 694.1 38.70 1.712 
38 6 .270 200 3x3 569.1 5.186 27.31 1.201 .0488 
39 6 1.35 200 3x3 2318. 22.80 223.8 10.38 .4222 
40 6 2.70 200 3x3 3766. 23.56 656.0 32.83 1.332 
41 6 17.15 200 7x7 2312. 22.24 219.6 9.864 .3905 
42 6 34.3 200 7x7 3757. 23.01 645.0 31.26 1.235 
43 13 .0005 360 lxl .0043 .0004 16.66 .2558 .0110 
44 13 .001 360 1x1 .0891 .0008 33.27 .5133 .0222 
45 13 .003 360 1x1 .2731 .0025 99.17 1.561 .0683 
46 13 .005 360 1xl .4647 .0044 164.2 2.639 .1169 
47 13 .01 360 lx1 .9776 .0096 323.1 5.461 .2490 
48 13 .05 360 lx1 6.987 . 0961 1430 . 34.55 1.948 
49 13 .1 360 lxl 19.91 • 3893 2504 • 86.60 6.092 
50 13 . 2 360 lx1 66.47 2.227 4008. 236.3 23.37 
51 13 .4 360 1x1 243.4 16.49 5737. 661.7 101.8 
52 13 .6 360 lx1 511.3 54.10 6714. 1169. 236.2 f-1 ~ 
-.....] 
TABLE IV-6, continued 
Feed QFEED Tank Segregation Intensity x 104 Run Cell N Size, ft 
No. No. ft3/sec r:em Dia. x Height Cell 6 Cell 11 Cell 13 Cell 18 Cell 27 
53 13 .0135 360 3x3 .0374 .0003 16.30 .2266 .0091 
54 13 .027 360 3x3 .0752 .0006 32.56 .4548 .0184 
55 13 .0810 360 3x3 .2304 .0020 97.06 1.384 .0567 
56 13 .135 360 3x3 .3923 .0035 160.7 2.340 .0971 
57 13 .270 360 3x3 .8264 .0077 316.3 4.848 .2071 
58 13 1.35 360 3x3 5.963 .0777 1404. 30.90 1.638 
59 13 2.70 360 3x3 17.17 . 3190 2463 . 78.09 5.182 
60 13 5.40 360 3x3 58.29 1.866 3955. 215.8 20.25 
61 13 10.8 360 3x3 218.5 14.26 5681. 615.0 90.55 
62 13 .343 360 7x7 .0715 .0006 32.35 .4387 .0174 
63 13 .686 360 7x7 .1445 .0012 64.49 .8839 .0353 
64 13 1.029 360 7x7 .2190 .0019 96.43 1.335 .0537 
65 13 1.715 360 7x7 .3730 .0032 159.7 2.258 .0919 
66 13 2.744 360 7x7 .6159 .0055 253.1 3.691 .1529 
67 13 3.43 360 7x7 .7860 .0072 314.3 4.679 .1961 
68 13 17.15 360 7x7 5.688 . 0729 1396 . 29.90 1.555 
69 13 34.3 360 7x7 16.43 .3007 2451. 75.72 4.938 
70 13 68.6 360 7x7 56.05 1.771 3940. 210.1 19.40 
71 13 .05 600 lxl 3.361 .0387 904.8 17.89 .8935 
72 13 .1 600 lxl 8.624 .1259 .1659 42.10 2.442 
73 13 . 2 600 lxl 25.74 .5602 2847. 108.4 8.097 
74 13 .4 600 lxl 89.50 3.516 4437. 301.9 32.75 
75 13 1.350 600 3x3 2.957 .0326 890.8 16.35 .7766 
76 13 2.70 600 3x3 7.628 . 1068 1636 . 38.62 2.135 
77 13 5.40 600 3x3 22.98 .4811 2813. 100.2 7.154 
78 13 10.8 600 3x3 81.08 3.079 4394. 282.1 29.41 
79 13 17.15 600 7x7 2.848 .0310 886.7 15.92 .7452 ....... 
0' 
(X) 
Feed QFEED Run Cell N 
No. No. ft 3/sec r:em 
80 13 34.3 600 
81 13 68.6 600 
82 13 .05 200 
83 13 .1 200 
84 13 . 2 200 
85 13 .4 200 
86 13 .270 200 
87 13 1.35 200 
88 13 2.70 200 
89 13 10.8 200 
90 13 17.15 200 
91 13 34.3 200 
92 13 68.6 200 
TABLE IV-6, continued 
Tank Segregation Intensity x 104 
Size, ft 
Dia. X Height Cell 6 cell 11 Cell 13 Cell 18 
7x7 7.357 .1017 1629. 37.66 
7x7 22.22 .4600 2802. 97.91 
1xl 18.05 .3388 2330. 78.68 
lxl 58.46 1.822 3782. 211.1 
1xl 210.6 12.96 5500. 588.1 
lxl 731.5 95.71 7153. 1528. 
3x3 1.655 .0166 557.3 9. 384 
3x3 14.82 .2597 2279. 68.55 
3x3 49.02 1.436 3714. 186.9 
3x3 654.2 82.30 7085. 1418. 
7x7 13.96 . 2398 2264 . 65.76 
7x7 46.47 1.337 3694. 180.1 




















summary of Runs for the Steady-State Stirred-Tank 
Mixer with Both Second-Order Reaction and 
Mixing Effects when Feed Enters at Cell 6 
Run K2 CFEED QFEED N 
Number ft3/lbm·sec 1bm/ft3 ft3/sec rpm 
1 10.0 31.2 .05 200 
2 10-.0 31.2 .05 400 
3 10.0 31.2 .05 600 
4 10.0 31.2 .1 200 
5 10.0 31.2 .1 400 
6 10.0 31.2 .1 600 
7 10.0 31.2 . 2 400 
8 10.0 31.2 . 2 600 
9 0.10 31.2 .05 200 
10 0.10 31.2 .05 400 
11 0.10 31.2 .05 600 
12 0.10 31.2 .1 200 
13 0.10 31.2 .1 400 
14 0.10 31.2 .1 600 
15 0.10 31.2 . 2 400 
16 0.10 31.2 .2 600 
17 0.01 31.2 .05 200 
18 0.01 31.2 .05 400 
19 0.01 31.2 .05 600 
20 0.01 31.2 .1 200 
21 0.01 31.2 .1 400 
22 0.01 31.2 .1 600 
23 0.01 31.2 .2 400 
24 0.01 31.2 .2 600 
25 0.10 20.8 .05 200 
26 0.10 20.8 .05 400 
27 0.10 20.8 .05 600 
28 0.10 20.8 .1 200 
29 0.10 20.8 .1 400 
30 0.10 20.8 .1 600 
31 0.10 20.8 .2 400 
32 0.10 20.8 . 2 600 
33 0.10 20.8 .4 600 
34 10.0 20.8 .05 200 
35 10.0 20.8 .05 400 
36 10.0 20.8 .05 600 
37 10.0 20.8 .1 200 
38 10.0 20.8 .1 400 
39 10.0 20.8 .1 600 
40 0.01 20.8 .05 200 
41 0.01 20.8 .05 400 
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TABLE IV-7, continued 
Run K2 CFEED QFEED N 
Number ft3/lbm·sec lbm/ft3 ft3/sec rpm 
42 0.01 20.8 .05 600 
43 0.01 20.8 .1 200 
44 0.01 20.8 .1 400 
45 0.01 20.8 .1 600 
46 0.01 20.8 . 2 400 
47 0.01 20.8 .2 600 
48 0.01 20.8 .4 600 
49 0.0001 31.2 .05 200 
50 0.0001 31.2 .05 400 
51 0.0001 31.2 .05 600 
52 0.0001 31.2 .1 200 
53 0.0001 31.2 .1 400 
54 0.0001 31.2 .1 600 
55 0.0001 31.2 .2 400 
56 0.0001 31.2 . 2 600 
57 100.0 31.2 .05 200 
58 100.0 31.2 .05 400 
59 100.0 31.2 .05 600 
60 100.0 31.2 .1 200 
61 100.0 31.2 .1 400 
62 100.0 31.2 .1 600 
63 100.0 31.2 .2 400 
64 100.0 31.2 . 2 600 
65 100.0 31.2 .4 600 
66 10.0 31.2 .1 600 
67 100.0 31.2 1.0 600 
68 10.0 31.2 .4 600 
TABLE IV-8 
Summary of Results for the Steady-State Stirred-Tank Mixer with Both Second-Order 
Reaction and Mixing Effects when Feed Enters at Cell 6 
(C1 is given in 1bm/ft3) 
Run Cell 6 Cell 11 Cell 13 Cell 18 Cell 27 
No. Ixl04 cl Ixl04 cl Ixlo4 cl Ixl04 cl Ixlo4 cl 
1 125.5 3.759 0.0 . 0584 0.2 .2996 0.0 .1555 0.0 .0396 
2 122.0 3.640 o.o .1081 0.4 .3698 o.o .2308 0.0 .0694 
3 118.7 3. 5 25 0.0 .1515 0.5 .4358 o.o , • 2942 0.0 .0966 
4 199.3 4.845 0.0 .0499 0.5 .4922 o.o !'2042 0.0 .0441 
5 194.9 4.726 0.0 .1095 0.7 .5204 0.0 .2866 o.o .0764 
6 190.7 4.611 0.0 .1570 0.8 .5731 0.0 .3543 0.0 .1052 
7 309.8 6.120 0.0 .0938 1.6 .8581 0.1 .3813 0.0 .0855 
8 304.4 6.005 0.0 .1544 1.7 .8594 0.1 .4565 0.0 .1173 
9 1460. 12.89 5.7 2.796 76.8 6.432 3.7 5.402 0.2 2.384 
10 1026. 10.22 6.3 3.861 49.1 5.655 2.3 5.258 0.1 3.086 
11 782.7 8.746 5.6 4.283 35.9 5.299 1.6 5.081 0.1 3.413 
12 2343. 17.24 5.0 2.542 205.8 10.63 10.2 8.172 0.4 2.933 
13 1754. 14.43 9.6 4.397 116.7 8.414 5.5 7.552 0.2 3.881 
14 1388. 12.65 9.5 5.179 81.5 7.637 3.8 7.175 0.2 4.349 
15 2825. 19.30 8.9 4.110 321.7 13.62 15.9 11.61 0.6 4.924 
16 2333. 17.47 13.5 5.749 210.3 11.59 10.0 10.58 0.4 5.583 
17 2180. 18.77 19.5 10.49 200.2 14.12 10.3 13.76 0.5 9.778 
18 1278. 15.86 12.2 11.58 81.8 12.61 3.9 12.47 0.2 10.34 
19 901.5 14.57 8.5 11.75 49.6 12.14 2.3 12.06 0.1 10.59 
20 352.7 24.29 19.5 10.57 573.3 20.46 31.3 20.12 1.4 12.79 
21 2248. 21.09 21.2 14.16 212.3 17.21 10.4 17.00 0.4 13.40 
22 1644. 19.48 16.0 14.84 121.5 16.25 5.7 16.12 0.2 13.66 
23 3643. 26.31 21.5 14.61 614.3 23.28 32.4 23.39 1.4 17.16 J--1 
-...] 
[\) 
TABLE IV-8, continued 
Run Cell 6 Cell 11 Cell 13 Cell 18 Cell 27 
No. Ixl 04 cl Ixl04 cl Ixl04 cl Ixl04 cl Ixl04 cl 
24 2808. 24.62 25.0 17.35 332. 7 21.42 16.4 21.30 0.7 17.32 
25 934.1 5.296 0.1 .0318 10.6 .9646 0.2 .4510 0.0 .0172 
26 725.6 3.968 0.3 .1599 12.6 .9621 0.4 .6663 0.0 .0855 
27 590.8 3.211 0.6 .2899 12.7 .9182 0.4 .7294 0.0 .1552 
28 1623. 8. 288 0.1 .0296 41.1 2.610 0.8 1.208 0.0 .0455 
29 
30 1082. 5.570 1.1 .4803 32.1 1.916 1.1 1.516 0.0 .3173 
31 2214. 10.13 0.6 .2207 123.8 5.082 3.8 3.447 0.0 .4152 
32 1891. 8.919 1.8 .6472 95.5 4.151 3.3 3.259 0.0 .6573 
33 3087. 12.97 0.2 .0855 333.5 9.535 12.2 7.430 0.1 1.339 
34 20.7 .1752 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
35 20.6 .1733 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
36 20.5 .1714 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
37 40.4 .342 0 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
38 40.2 .3383 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
39 39.9 .3348 0.0 .0000 0.0 .0000 0.0 .0000 0.0 .0000 
40 1997. 10.13 9.2 3.347 147.8 6.260 6.9 5.919 0.2 2.944 
41 1212. 7.882 8.1 4.279 68.2 5.187 3.1 5.058 0.1 3.406 
42 867.5 6.865 6.4 4.473 43.6 4.851 2.0 4.775 0.1 3.613 
43 3287. 14.62 9.5 3.394 448.3 11.29 22.1 10.89 0.6 5.030 
44 2145. 12.02 14.3 6.106 181.1 8.708 8.5 8.509 0.3 5.554 
45 1588. 10.70 12.1 6.709 108.1 7.946 5.0 7.821 0.2 5.793 
46 3509. 16.45 14.7 6.443 540.0 13.79 27.0 13.84 0.9 8.537 
47 2727. 15.01 19.3 8.694 301.0 12.20 14.4 12.09 0.5 8.692 
48 4268. 19.61 2. 5 2.895 923.0 18.32 48.6 20.15 1.8 12.23 
49 2339. 30.47 24.7 29.95 237.8 30.17 12.3 30.17 0.5 29.83 




TABLE IV-8, continued 
Run Cell 6 Cell 11 Cell 13 
No. Ixl04 cl Ixlo4 cl rx104 cl 
51 918.1 30.09 8.9 29.92 51.7 29.93 
52 3793. 31.00 25.5 30.21 692.7 30.82 
53 2331. 30.82 23.9 30.55 232.0 30.67 
54 1681. 30.73 17.2 30.56 128.3 30.60 
55 3782. 31.10 24.7 30.69 677.5 31.00 
56 2880. 31.04 27.4 30.84 354.4 30.96 
57 27.81 1.718 .0001 .0069 .0056 .0436 
58 27.64 1.705 .0004 .0132 .0098 .0566 
59 27.47 1.692 .0008 .0189 .0146 .0693 
60 44.16 2.190 .0001 .0058 .0126 .0709 
61 43.94 2.177 .0004 .0132 .0174 .0787 
62 43.73 2.164 .0009 .0193 .0232 .0897 
63 69.78 2.784 .0003 .0112 .0396 .1284 
64 69.51 2.771 .0009 .0187 .0458 .1330 
65 110.3 3.550 .0001 .0076 .1177 .2343 
66 190.6 4.611 .0429 .1570 .8170 .5731 
67 .1383 .1758 .0021 .0301 1483. 14.30 














































Summary of Runs for the Steady-State Stirred-Tank 
Mixer with Both Second-Order Reaction and 
Mixing Effects when Feed Enters at Cell 13 
Run K2 CFEED 0FEED N 
Number ft3/lbm·sec lbm/ft3 ft3/sec rpm 
1 100.0 31.2 .05 200 
2 100.0 31.2 .05 400 
3 100.0 31.2 .05 600 
4 100.0 31.2 .1 200 
5 100.0 31.2 .1 400 
6 100.0 31.2 .1 600 
7 100.0 31.2 . 2 400 
8 100.0 31.2 . 2 600 
9 100.0 31.2 .4 600 
10 0.10 31.2 .05 200 
11 0.10 31.2 .05 400 
12 0.10 31.2 .05 600 
13 0.10 31.2 .1 200 
14 0.10 31.2 .1 400 
15 0.10 31.2 .1 600 
16 0.10 31.2 .2 400 
17 0.10 31.2 . 2 600 
18 0.10 31.2 .4 600 
19 0.10 20.8 .05 200 
20 0.10 20.8 .05 400 
21 0.10 20.8 .05 600 
22 0.10 20.8 .1 200 
23 0.10 20.8 .1 400 
24 0.10 20.8 .1 600 
25 0.10 20.8 . 2 400 
26 0.10 20.8 . 2 600 
27 0.10 20.8 .4 600 
28 100.0 20.8 .05 200 
29 100.0 20.8 .05 400 
30 100.0 20.8 .05 600 
31 100.0 20.8 .1 200 
32 100.0 20.8 . 1 400 
33 100.0 20.8 .1 600 
34 100.0 20.8 . 2 400 
35 100.0 20.8 .2 600 
36 100.0 20.8 .4 600 
TABLE IV-10 
Summary of Results for the Steady-State Stirred-Tank Mixer with Both Second-Order 
Reaction and Mixing Effects when Feed Enters at Cell 13 
(Cl is given in lbrn/ft3) 
Cell 6 Cell 11 cell 13 Cell 18 Cell 27 
Run Ixl04 Cl Ixlo4 Cl rx1o4 Cl Ixl04 Cl Ixlo4 Cl No. 
1 .0029 .0268 .0000 .0040 222.6 5.062 .0501 .1094 .0004 .0119 
2 .0066 .0428 .0000 .0068 211.6 4.775 .1036 .1663 .0010 .0194 
3 .0108 .0573 .0001 .0095 201.3 4.503 .1592 .2144 .0017 .0263 
4 .0049 .0338 .0000 .0051 354.0 6.565 .0825 .1373 .0008 .0151 
5 .0096 .0501 .0001 .0079 339.9 6.280 .1519 .1961 .0015 .0226 
6 .0149 .0650 .0001 .0106 326.6 6.006 .2238 .2469 .0024 .0297 
7 .0164 .0634 .0001 .0100 540.8 8.193 .2553 .2473 .0028 .0288 
8 .0235 .0786 .0002 .0127 523.9 7.922 .3504 .2997 .0039 .0359 
9 .0442 .1039 .0004 .0170 829.5 10.32 .6383 .3924 .0079 .0477 
10 13.57 4.970 .2237 1.926 2261. 13.32 66.37 7.647 3.854 3.280 
11 5.394 4.928 .0682 2.502 1288. 9.663 28.21 6.321 1.454 3.658 
12 3.183 4.824 .0358 2.844 898.1 8.098 17.29 5.723 .8365 3.820 
13 39.48 6.856 .9956 2.509 3666. 18.52 169.3 11.02 12.36 4.416 
14 14.39 6.815 .2454 3.160 2274. 14.26 68.20 9.237 4.181 4.867 
15 7.977 6.711 .1125 3.602 1644. 12.13 40.15 8.350 2.220 5.106 
16 44.32 9.376 1.200 4.122 3695. 19.47 179.4 13.13 14.41 6.544 
17 23.02 9.228 . 4733 4.614 2818 • 17.13 101.7 11.93 7.046 6.814 
18 76.50 12.56 2.719 6.118 4392. 22.24 277.9 16.47 26.80 9.163 
19 1.947 .6237 .0003 .0059 2176. 7.546 32.78 2.471 .1367 .1497 
20 1.653 .7882 .0011 .0342 1259. 4.760 18.86 1.918 .1886 .2880 
21 1.362 .8286 .0019 .0741 884.0 3.565 13.06 1.600 .1921 .3689 
22 7.093 1.299 .0027 . 0217 3553 . 11.11 91.55 4.399 .6615 .3641 
23 4.764 1.516 .0053 .0827 2229. 7.805 46.95 3.493 .6262 .5880 
3.545 1.571 .0066 .1589 1620. 6.141 30.75 2.962 . 5484 .7222 1--1 24 -.J 
0"1 
TABLE IV-10, continued 
Run Cell 6 Cell 11 Cell 13 
No. rxlo4 Cl Ixlo4 Cl Ixl04 Cl 
25 16.62 2.846 .0395 .2217 3635. 11.49 
26 10.92 2.879 .0348 .3574 2783. 9.621 
27 40.19 5.039 . 2845 .8430 4348 • 13.43 
28 .0000 .0000 .0000 .0000 49.09 .4127 
29 .0000 .0000 .0000 .0000 48.32 .4024 
30 .0000 .0000 .0000 .0000 47.57 .3925 
31 .0000 .0000 .0000 .0000 94.49 .7890 
32 .0000 .0000 .0000 .0000 93.09 .7703 
33 .0000 .0000 .0000 .0000 91.72 .7524 
34 .0000 .0000 .0000 .0000 176.8 1.434 
35 .0000 .0000 .0000 .0000 174.3 1.404 


































Summary of Runs of the Steady-State Stirred-Tank Mixer 
with Second-Order Reaction and both Mixing Effects 





































































































































Summary of Results for Runs of Steady-State Stirred-Tank Mixer 
with Second-Order Reaction and both Mixing Effects and 
Temperature Effects when Feed Enters at Cell 6 
Temperature, °F/Concentration, lbm/ft3/rntensity x 103 
Cell 6 Cell 11 cell 13 cell 18 Cell 27 
95/8.8/200. 165/0.04/.01 144/3.0/7. 152/1.4/.15 111/0.05/.00 
89/12.5/350. 190/0.00/.06 146/8.4/35. 179/3.8/.8 142/0.14/.00 
138/2.7/40. 159/0.00/.00 162/0.006/.00 157/0.00/.00 105/0.00/.00 
147/4.6/80. 184/0.00/.00 209/0.05/.02 203/0.001/.00 138/0.00/.00 
96/6.9/150. 149/0.27/.08 124/2.3/5. 128/1.59/.2 115/0.20/.00 
96/10.5/260. 178/0.25/.10 138/5.5/19. 150/3.7/.6 144/0.45/.00 
126/2.5/40. 145/0.00/.00 138/0.02/.01 137/0.00/.00 111/0.00/.00 
141/4.3/70. 176/0.00/.00 177/0.09/.05 175/0.00/.00 141/0. OQI. 00 
98/5.7/122. 140/0.51/.15 119/2.0/4. 121/1.6/.14 116/0.3/.00 
101/9.2/220. 169/0.7/.26 135/4.4/13. 142/3.4/.5 143/0.7/.01 




TABLE IV-12, continued 
Run 
No. 
Temperature, °F/concentration, lbm/ft3/rntensity x 103 
Cell 6 
12 138/4.0/ 67. 
13 41/8.8/200. 
Cell 11 Cell 13 








14 50/2.70/39.82 54/0.00016/ .00 5.5/ 0.006/.00 53/0.00021/.00 41/0.00016/ . 00 
15 41/ 6.9/ 150. 51/0 .27/ . 08 46/2.3/5. 
16 42 / 10.5/ 265.4 59/ 0.25/ .10 51/5.5/19.25 
17 47/ 2.49/ 37.37 51 / 0.00033/ .00 49/0.02 / .01 
18 51/ 4.33/ 72.02 58/ 0.00065 / .00 58/ 0.096/ .05 
19 41/ 5.7/ 12 0 . 49/ 0.5/ .15 45/ 2.0/4. 
47/1.6/.16 43/0.2/.00 
53 / 3.76/.61 50/0.45/.00 
48/ 0.00028/.00 42 / 0.00032/ . 00 
58/ 0.005/.00 50/0.00064/ .00 
45 / 1.6/ .15 43/ 0.3/.00 
20 43 / 9.2/ 217.58 56 / 0.699/ .26 50/ 4.40/13.35 51/ 3.45/.48 50/0.700/ .01 
21 45 / 2.30/ 35.20 49 / 0.00041 / .00 47/ 0.039/ .02 47 /0 .004/ .00 

















Summary of Runs and Results for the Unsteady-State Stirred-Tank Mixer without 
Reaction or Mixing Effects when Feed Enters at Cell 6 
_l_ x 104 N QFEED C27/CFEED 
Nn NRe rpm ft3/sec Nxt = 100 Nxt = 100 Nxt = 400 Nxt = 600 Nxt = 800 
9.2 2.328 25 .0007 .82221 .65738 .42148 .27118 
9.2 1.164 50 .0007 .90811 .81341 .65226 .52266 
9.2 .1455 400 .0007 .98814 .97493 .94852 .92292 .89797 
9.2 .0970 600 .0007 .99983 .99962 
92.0 2.328 25 .007 .08989 .005946 2.595 x lo-5 1.1329 x lo-7 
92.0 1.164 50 .007 .34189 .10110 .0088286 .00077087 
920.0 .1455 400 .07 .25110 .052394 .0022800 9.922 x 1o-5 





Surrunary of Runs for Unsteady-State Stirred-Tank 
Perfect Mixer Reactor (PM) when Feed Enters at Cell 6 
Run K2 CFEED Step Down Upset 
Number ft3/lbm ·sec lbm/ft3 in 0FEED 
1 10.0 31.2 .1 .05 ft3/sec 













Summary of Runs for the Unsteady-State Stirred-Tank Mixer 
with Second-Order Reaction, but No Mixing Effects 
when Feed Enters at Cell 6 
K2 CFEED N 0FEED Step Down Upset 
ft3/lbm·sec lbm/ft3 rpm ft3/sec Parameter Size 
0.10 31.2 400 QFEED .1 -- .05 ft3/sec 
0.10 31.2 600 QFEED .1 -- .05 ft3/sec 
10.00 31.2 200 QFEED .1 -- .05 ft3/sec 
10.00 31.2 400 QFEED .1 -- .OS ft3/sec 
10.00 31.2 600 QFEED .1 -- .05 ft3/sec 
0.10 31.2 0.10 N 600-200 rpm 
0.10 31.2 0.05 N 600-200 rpm 















Summary of Runs for the Unsteady-State Stirred-Tank Mixer 
with Second-Order Reaction and Mixing 
Effects when Feed Enters at Cell 6 
K2 CFEED N QFEED Step Down Upset 
ft3/lbm-sec lbm/ft3 rpm ft3/sec Parameter Size 
0.10 31.2 400 QFEED .1 -- .05 ft3/sec 
0.10 31.2 600 QFEED .1 -- .05 ft3/sec 
10.0 31.2 200 QFEED .1 -- .05 ft3/sec 
10.0 31.2 400 QFEED .1 -- .05 ft3/sec 
10.0 31.2 600 QFEED .1 -- .05 ft3/sec 
0.10 31.2 0.10 N 600-200 rpm 
0.10 31.2 0.05 N 600-200 rpm 
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QFEED INlfl\JSilY IN CELL 27 
RA'1 Ilr~K lFTXlFT 3FTX3FT 7FTX7FT TANK TANK TANK 
0.40 .02874 .01238 
0.20 . 0 0064 .00047 
200 
0.10 .00017 .00013 .00012 
0.05 .00006 .00004 . 00004 
0.40 .00070 .00059 .00056 
0.20 .00019 .00016 .00015 
360 
0.10 .00006 .00005 .00005 
0.05 .00002 .00002 .00002 
0.40 .00025 .00021 .00021 
0.20 .00007 .00006 .00006 
600 
0.10 .00003 .00002 .00002 
0.05 .00001 .00001 .00001 
Figure II-1 
187 
QFEED IN18·JSITY IN CEll_ 27 
PPM DT~K lFTXlFT 3FTX3FT 7FTX7FT TANK TANK TANK 
0.40 .03518 .03117 
0.20 .00862 .00700 
200 
0.10 .00202 .00166 .00157 
0.05 .00055 .00044 .00041 
0.40 .01019 .00905 .00874 
0.20 .00234 .00203 .00194 
360 
0.10 .00061 .00052 .00049 
0.05 .00019 .00016 .00015 
0.40 .00328 .00294 .00285 
0.20 .00081 .00072 .00069 
600 
0.10 .00024 .00021 .00021 
0.05 .00009 .00008 .00007 
Figure II-2 
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REITH's D/\Tt\ (1964) 
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Figure II-5 
191 
FEED IN PRODUCT OUf 
Figure III-1 
.0137 .0142 .0151 .0169 
.0206 .0213 .0227 .0252 
.0271 .0279 .0297 .0330 
.0132 .0125 .0100 .0068 
.0199 .0188 .0151 .0104 
.0262 . 0248 .0200 .0139 
r~ 6.5654 1.9022 .7890 
.4124 
I ' 
/ 6.2807 2. 0448 .9467 .5429 
FEE] 
6.0069 2.1272 1.0587 .6449 
.0119 .0110 .0089 .0068 
.0190 .0178 .0143 .0105 
.0255 .0239 .0193 .0141 
.0127 .0134 .0151 .0169 
.0199 .0208 .0227 .0252 
.0265 .0275 .0298 .0330 





















































































































































































4.227 4.286 4.406 
4.711 4.757 4.851 
4.978 5.016 5.091 
4.169 4.065 3.647 
4.665 4.581 4.230 
4.942 4.872 4.576 
IN 18.523 13.763 
12.125 
FEfJJ 
' 7 14.261 10.422 9.322 
12.139 9.040 8.214 
3.991 3.847 3.452 
4.610 4.507 4.158 
4.919 4.838 4.540 
4.092 4.197 4.416 
4.672 4.736 4.867 















































.0009 .0010 .0012 
.0003 .0003 .0004 
.0001 .0001 .0002 
.0008 .0007 .0004 
.0002 .0002 .0001 
.0001 .0001 .0000 
FEED .3666 .1390 .0663 
~ 
.2274 .0712 .0308 
.1644 .0471 .0195 
.0006 .0005 .0003 
.0002 .0002 .0001 
.0001 .0001 .0000 
.0007 .0009 .0012 
.0002 .0003 .0004 
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